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LOCAL CONSERVATION LAWS AND THE HAMILTONIAN 
FORMALISM FOR THE ABLOWITZ LADIK HIERARCHY 

FRITZ GESZTESY, HELGE HOLDEN, JOHANNA MICHOR, AND GERALD TESCHL 



Abstract. We derive a systematic and recursive approach to local conserva- 
tion laws and the Hamiltonian formalism for the Ablowitz-Ladik (AL) hier- 
^ ^ archy. Our methods rely on a recursive approach to the AL hierarchy using 

Q , Laurent polynomials and on asymptotic expansions of the Green's function of 

the AL Lax operator, a five-diagonal finite difference operator. 



:^ 



1. Introduction 

^^ ' 

^-^ [ The principal aim of this paper is to provide a systematic and recursive approach 

fn ' to local conservation laws and the Hamiltonian formalism for the Ablowitz-Ladik 

(AL) hierarchy of integrable differential-difference equations. 
^, ' Consider sequences {a{n,t), (3{n,t)}nez G i^{Z) satisfying some additional as- 

sumptions to be specified later, parametrized by the deformation (time) parameter 
i e M, that are solutions of the Ablowitz-Ladik equations 

> ' 
t::J- ■ /-iat- {l-a(3){a +a+) + 2a\^ . . 

^: y-iPt + ii-a(3)iP'+p+)-2p) "■ ^'-'^ 

Here c^ denote shifts, that is, c^(n) = c(n ± 1), n G Z. Then clearly 

dt^a+{n,t)(3{n,t) = dt^a{n,t)P+{n,t) =0. (1.2) 

^^ ■ Indeed, one can show the existence of an infinite sequence {pj,±}jen of polynomials 

oi a,P and certain shifts thereof, with the property that the lattice sum is time- 
- independent, 

^: 5t5]p,,±(n,i)=0, jGN. (1.3) 

C^ , 

This result is obtained by deriving local conservation laws of the type 

5tPj,± + (5+ - /) J,, ± = 0, jeN, (1.4) 

for certain polynomials Jj^± of a, (3 and certain shifts thereof. The polynomials 
Jjj. will be constructed via an explicit recursion relation. For a detailed discussion 
of these results we refer to Theorem 15 . 71 and Remarks 15.81 and refrALh5.8a. 
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The above analysis extends to the full Ablowitz-Ladik hierarchy as follows. The 
pth equation, p — {p^,p+) e Nq (where No = NU {0}), in the AL hierarchy is given 

by 



iat^-a{9p+,+ +9p_ 


.-) + /p+-i,+ - fp_-i.-\ _ Q 

-) - V-i,- + V+-1.+/ 




ipSR, p=(p_,p+) eNg, 



AL„(a,/3) 



where /£,±, (7£,±i and /i£.± are carefully designed polynomial expressions of a, /3 and 
certain shifts thereof. Recursively, they are given by (|2.5p - (|2.12p . On each level 
in the recursion an arbitrary constant ci^± S C is introduced. In the homogeneous 
case, where all these constants C£, £ S N, are set equal to zero, a hat " is added in 
the notation, that is, fe.±, ge.±,he^±, etc., denote the corresponding homogeneous 
quantities. The homogeneous coefficients fi,±,gi,±,hi^± can also be expressed ex- 
plicitly in terms of appropriate matrix elements of powers of the AL Lax finite 
difference expression L defined in (|3.3p . (|3.5p and the finite difference expressions 
D and E in (|3.14p . as described in Lemma [3.11 The conserved densities pj^± are 
independent of the equation in the hierarchy while the currents Jpj^± depend on 
p; thus one finds (cf. Theorem 15. 7p 

\P,,± + (5+ - l)Jp,j,± = 0, tp e M, J e N, p e N^. (1.6) 

For a,P e (.^{1) it then follows that 

^5I'^^^±("'%) = '^' %eK, jeN, peN^. (1.7) 

By showing that pj^± equals gj^± up to a first-order difference expression (cf. Lemma 
14. 4p , and by investigating the time-dependence of 7 = 1 — a/?, one concludes (cf. 
Remark l5.8p that 

^^ln(7(n,tp)) = 0, ^^.g,,±(ri,ip) = 0, ip G R, j G N, p € N^, (1.8) 
2- nez 2. nez 

represent the two infinite sequences of AL conservation laws. Our approach to p.6p 
is based on a careful analysis of asymptotic expansions of the Green's function (as 
the spectral parameter tends to zero and to infinity) for the operator realization L 
in £^ (Z) corresponding to the Lax difference expression L in (|3.3p , (|3.5p . 

In addition, we provide a detailed study of the Hamiltonian formalism for the 
AL hierarchy. In particular, the pth equation in the AL hierarchy can be written 
as (cf. Theorem I6.5P 

ALp(a, /3) = (l -^l") + ^VHp = 0, p& nl (1.9) 

where the Hamiltonians Tip are given by 

p+ p- 

Hp = ^Cp^-/!,+H«,+ -|-^Cp__£^_7^^._ +CpHo, £= (p-,P+) G Nq, (1.10) 
£=1 t=i 

Ho = ^ln(7(n)), Hp±,± = — ;^gp±,±(n), p± G N. (1.11) 



riGZ -^ n& 
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Here P = (1 — af3) ( i^i o ) • Furthermore, we show that any Tir is conserved by the 
Hamihonian flows in (|1.9p (cf. Theorem 16. 6p . that is, 

^ = 0, p,reK (1.12) 

Moreover, for general sequences a,/3 (i.e., not assuming that they satisfy an equa- 
tion in the AL hierarchy), we show in Theorem 16 . 71 that 

{7ip,Hj = 0, p,r eNl (1.13) 

for a suitably defined Poisson bracket { • , • } (see (|6.16p ). that is, Hp and Hr^ are 
in involution for all p,rG Ng . 

The Ablowitz-Ladik hierarchy has been extensively discussed in the completely 
integrable system literature (cf., e.g., [3]-0, [I], [1 Sect. 3.2.2], [71 Ch. 3], [H], 
[13], [34], [^, [37], [38], [41], [45], [47l, [Ml and the references cited therein) and 
in recent years especially due to its close connections with the theory of orthogonal 
polynomials, a field that underwent a remarkable resurgency in recent years (cf. 
[42], [43], [44] and the quoted therein). Rather than repeating some of the AL 
hierarchy history and its relevance to the theory of orthogonal polynomials at this 
place, we refer to the detailed introductions of [25], [26], [27] and the extensive 
bibliography listed therein. Here we just mention references intimately connected 
with the topics discussed in this paper: Infinitely many conservation laws are dis- 
cussed, for instance, by Ablowitz and Ladik [4], Ablowitz, Prinari, and Trubatch 
[3 Ch. 3], Ding, Sun, and Xu [U, Zhang and Chen [SD], and Zhang, Ning, Bi, 
and Chen [55] ; the bi-Hamiltonian structure of the AL hierarchy is considered by 
Ercolani and Lozano [15], Hydon [30], and Lozano [33], multi-Hamiltonian struc- 
tures for the defocusing AL hierarchy were studied by Gekhtman and Nenciu [TS] . 
Zeng and Ranch- Wo jciechowski [49], and Zhang and Chen [51]; Poisson brackets 
for orthogonal polynomials on the unit circle relevant to the case of the defocusing 
AL hierarchy (where /3 = a) have been studied by Cantero and Simon [TU] , Killip 
and Nenciu [31| . and Nenciu [39]; Lenard recursions and Hamiltonian structures 
were discussed in Geng and Dai 'W\ and Geng, Dai, and Zhu [20 . 

Next we briefly describe the structure of this paper: Section[2]recalls the recursive 
construction of the AL hierarchy as discussed in detail in ^5\ (see also [35], ^7\). In 
Section [3] we introduce the Lax pair for the AL hierarchy and prove its equivalence 
with the corresponding zero-curvature formulation. These results are new. In 
Section 2] we discuss the Green's function of the Lax operator L and study its 
asymptotic expansions as the spectral parameter tends to zero and infinity. As a 
direct consequence of these asymptotic expansions, local conservation laws are then 
derived in Section [5] Our final Section [6] then introduces the basics of variational 
derivatives and provides a detailed derivation of the Hamiltonian formalism for the 
AL hierarchy. 

Finally, we emphasize that our recursive and systematic approach to local con- 
servation laws of the Ablowitz-Ladik hierarchy appears to be new. Moreover, our 
treatment of Poisson brackets and variational derivatives, and their connections 
with the diagonal Green's function of the underlying Lax operator, now puts the 
AL hierarchy on precisely the same level as the Toda and KdV hierarchy with re- 
spect to this particular aspect of the Hamiltonian formalism (cf. [22l Ch. 1], [23l 
Ch. 1]). 



(2.2) 
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2. The Ablowitz-Ladik hierarchy in a nutshell 

In this section we summarize the construction of the Ablowitz-Ladik hierar- 
chy employing a Laurent polynomial recursion formalism and derive the associ- 
ated sequence of Ablowitz-Ladik zero-curvature pairs. Moreover, we discuss the 
Burchnall-Chaundy Laurent polynomial in connection with the stationary Ablo- 
witz-Ladik hierarchy and the underlying hyperelliptic curve. For a detailed treat- 
ment of this material we refer to [25 , [25] . 

We denote by C^ the set of complex-valued sequences indexed by Z. 

Throughout this section we suppose the following hypothesis. 

Hypothesis 2.1. In the stationary case we assume that a, (3 satisfy 

a,l3& C^, a{n)l3{n) i {0, 1}, n G Z. (2.1) 

In the time- dependent case we assume that a, (3 satisfy 

a{-,t),(3{-,t) gC^, teR, a{n, ■),(3{n, •) 6 C^(M), n e Z, 
a{n, t)(3{n, t) ^ {0, 1}, {n, i) G Z x R. 

We denote by S^ the shift operators acting on complex-valued sequences / — 
{/(n)}„gz G C^ according to 

(5±/)(n) = /(n±l), neZ. (2.3) 

Moreover, we will frequently use the notation 

/± = S^f, f G C^. (2.4) 

To construct the Ablowitz-Ladik hierarchy one typically introduces appropriate 
zero-curvature pairs of 2 x 2 matrices, denoted by U{z) and Vp{z), p G Nq (with 
z G C \ {0} a certain spectral parameter to be discussed later), defined recursively 
in the following. We take the shortest route to the construction of Vp and hence 
to that of the Ablowitz-Ladik hierarchy by starting from the recursion relation 
(I23D-(I2t2D below. 

Define sequences {fe,±}eetio^ {9i,±}ieTioi and {/i£,±}£eNo recursively by 

5o,+ = 5Co^+, /o,+ = -co,+a+, /io,-i- = co,+/3, (2.5) 

fff+i,+ - 57+1,+ = "K,+ + Ph,+^ ^ G No, (2.6) 

f7+i.+ = fe,+ - "fci,+ + 57+1,+)' ^ ^ ^0, (2.7) 

he+i^+ = hl^ + /3(5£+i,+ + .97+1,+), ^ e No, (2.8) 

and 

50,- = |co,^, /o,- = co,_a, /lo,- = -co,-/3+, (2.9) 

ge+i,- - .g7+i,- = a/if,- + /3/7-' ^ ^ ^o, (2.10) 

fi+i.- = /7_ + a(5^+i,- + .97+1,-)' ^ e No, (2.11) 

V+i,- = '^t- - f3{9i+i,- + .97+1,-)' ^ e No. (2.12) 
Here co,± G C are given constants. For later use we also introduce 

/-i,± = /i-i,± = 0. (2.13) 
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Remark 2.2. The sequences {fe,+}ieNa7 {5f,+}^eNo, and {/i^^+jfgNo can be com- 
puted recursively as follows: Assume that fe,+ , ge,+, and /i£.+ are known. Equation 
(|2.6p is a first-order difference equation in ge+i.+ that can be solved directly and 
yields a local lattice function that is determined up to a new constant denoted by 
ce+i,+ <= C. Relations (|2.7p and (|2.8[) then determine /^+i,+ and h(^i,^, etc. The 
sequences {/f,-}£eNo, {s^.-I^gNq, and {ft-^'.-jfeNo are determined similarly. 

Upon setting 

7=1 -a/?, (2.14) 

one explicitly obtains 

/o,+ = co,+(-a+), /i.+ = co,+ ( - 7+«++ + (a+)'/3) + ci,+ (-a+), 
ffo,+ = 5Co,+ , 51, + = co,+ (-a+/3) + 501,+, 

/10.+ = co,+/3, ft,i,+ = co.+ (7/3~ - a+/3^) +ci,+/3, 

J- J- / - 2«+N , (.2.15) 

70,- = Co -a, /i,- = co,-(7q; - a /i/^j -I- ci,_a, 

go,- = 5C0,-, .gi,- = co,-(-a/3+) + ^ci.^, 

V~=co,-(-/3+), ;ii,_=co,-(-7+/3+++a(/3+)')+ci,-(-/3+), etc. 

Here {Q,j-}^gN denote summation constants which naturally arise when solving the 
difference equations for g£^± in (|2.6p . (|2.10p . Subsequently, it will also be useful to 
work with the corresponding homogeneous coefficients /^,±, 5£,±, and A£,±, defined 
by the vanishing of all summation constants Ck,± for k — !,...,£, and choosing 
co,± == 1, 

/o,+ = -a+, fo-=a, h,±^ fi,±\co,±=i,cj,±=o,j=i,...,e, ^ G N, (2.16) 

50, ± = 5, 5£,± = 5£,±|co,±=i,cj,±=o,i=i,...,f, ^ e N, (2.17) 

/io,+ =/3, /io,_ = "/3+, /i£.± =/if,±|co,±=i,c,.±=o,j=i,...,£, ^gN. (2.18) 
By induction one infers that 

e e i 

fi,± = ^ce^k,±fk,±, gi,± = '^ci-k,±gk,±^ hi^± = ^c£_fc,±/ife,±. (2.19) 

fe=0 fc=0 fc=0 

In a slight abuse of notation we will occasionally stress the dependence of /£,±, g^,±^ 
and hi^± on a, (3 by writing /£,±(a,/3), 5<?,±(a,/3), and ft.£,±(a,/?). 

One can show (cf. [25] ) that all homogeneous elements /^,±, gi,±, and /i£.±, 
£ G No, are polynomials in a, f3, and some of their shifts. 

Remark 2.3. As an efScient tool to distinguish between nonhomogeneous and 
homogeneous quantities fe,±, gi,±, /j£,±, and /£,±, 51, ±, ^£,±, respectively, we now 
introduce the notion of degree as follows. Denote 

fir)^S(,y^ ./ = {./(n)}„ezGC^ 5W = |[ff; ^-Jl' rGZ, (2.20) 

[(S" ) '^, r <0, 

and define 

deg (a^*^)) = r, deg (/?('')) = -r, r G Z. (2.21) 



(2.23) 



(2.24) 
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This implies 

deg(/i:|)=^+l + r, deg(/(;2)=-^ + r, deg (.gg) = ±^, 

deg (/ig) = £ - r, Aeg{U^l) = -(.-l-r, ^ e Nq, r e Z. 

Alternatively the homogeneous coefhcients can be computed directly via the 
following nonlinear recursion relations: 

Lemma 2.4. The homogeneous quantities fe,±, gi,±, hi^± are uniquely defined by 
the following recursion relations: 

.90,+ = 2' '^"'+ " ^"^' ^0'+ "" ^' 
i I 

9i+i,+ = 2^ fi-k,+hk,+ - 2_^ gi+i-k,+gk,+ , 

fc=0 fc=l 

/(+!,+ = /i.+ - "(5i+i,+ + 5;+!,+)' 
hi+i,+ = K,+ + /3(ffi+i,+ + 5;+i,+); 
and 

90- = 2' /o - = "' ^0 - = -/^"^, 
9i+i.- = 2_^fi-k-hk- - / ,9i+i-k-9k,-, 

k=0 fc=l 

/i+1,- = /;7- + "(.9/+! - +.9(+i ,-), 

/i;+i._ = hi,- -/3(.9(+l,- +.9;+i,_)- 

We also note the following useful result (cf. [25 ): Assuming (|2.ip . we find 

9e,+ - 9l+=aht,,+ + f3f^^^, £ G No, 

_ _ (2.25) 

9i- - 9i.-^ ^ (^h^_+ (3fe-, leNo. 

Moreover, we record the following symmetries, 

/f,±(co,±,a,/3) = hi^^{co,^,P,a), 5«.±(co,±, a,/3) = 5^,=p(co,=p, ^, a), £ G No. 

(2.26) 
Next we define the 2x2 zero-curvature matrices 

f/W=(;^ t) (2.27) 

and 

fG-(z) -F-(z)\ „ 

^^(^)-^(4(.) -4(.)j' P^< (2.28) 

for appropriate Laurent polynomials Fp{z), Gp{z), Hp{z), and Kp{z) in the spectral 
parameter z e C\{0} to be determined shortly. By postulating the stationary zero- 
curvature relation, 

Q = UV^-V+U, (2.29) 

one concludes that (|2.29p is equivalent to the following relations 

z{Gp ~ Gp) + z(3Fp_ + aHp ^ 0, (2.30) 
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zl3F- + aHp ~Kp + R- = 0, (2.31) 

-F^+zF- +a{G^ + K-) = Q, (2.32) 

z(3{Gp + Kp) - zHp_ +Hp^O. (2.33) 

In order to make the connection between the zero-curvature formahsm and the 
recursion relations (|2.5p - (|2.12p . we now define Laurent polynomials Fp, Gp, Hp, 
and Kp_, p = {p-,p+) e Nl, h£ 

Fp{z) = Y, fp-i,-z-' + J2 fp^-i-L+z', (2.34) 

1=1 e=o 

p- p+ 

Gpiz) ^J^Sp--^^-^''^ + '^9p+-e,+z\ (2.35) 

i=l i=0 

P--1 p+ 

Hp{z)= Y. hp^^i^e^^z-' + J2hp+-i,+z'. (2-36) 

e=o e=i 

p- p+ 

^pi^) = Y9p--e-^^^ + ^9p+-e,+z'^ ^Gp{z) + gp__ - gp+,+ . (2.37) 

e=o e=i 

The corresponding homogeneous quantities are defined by (^ G No) 

e e-i 

Fo.^{z)^0, Fe,-{z) = Y,fi-k.-z~\ F£,+ (z) = ^ /£-l-fe,+z^ 

fe=l fc=0 



Go,-(z) = 0, G,,_(z) = ^g,_fc, 



z 
fc=i 



(2.38) 



fc=0 

i-l £ 

Ho,^{z) = Q, i/f,_(z) = ^^^_i_fe^_z-'^', i^£,+ (z) = ^/l^_fe,+z^ 

fc=0 fc=l 

1 ^ ^ _ ^ 

Ko.-{z) = ^, K(,^_{z) = Y9i-k.-z '' = Ge,-iz)+ge^_, 

k=Q 

I 

^o,+(2) = 0, i^£,+(2) = ^ m-k^+z'' = Ge,+{z) - .g£^+. 

fc=i 

The stationary zero-curvature relation (|2.29p . = UVp — VpU, is then equivalent 
to 

-a(5p+.+ + .9p-_,_) + fp^-i,+ - /-__!,_ = 0, (2.39) 

/?(5p";,+ + 9p-.-) + V+-1.+ - K-i.- = 0- (2.40) 



In this paper, a sum is interpreted as zero whenever the upper limit in the sum is strictly less 
than its lower limit. 
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Thus, varying p± E No, equations (|2.39p and p.40p give rise to the stationary 
Ablowitz-Ladik (AL) hierarchy which we introduce as follows 

-a(5p+,+ +5pl.-) + /p+-i,+ -/p_-i,- * _„ ^^^2 



s- 



s-AL(2,2)(a,/3) 



Explicitly (recalling 7=1 — af3 and taking p_ = j)+ for simplicity), 

^'^ V t('=o,+/3 +co-/3+) + C(i_i)/3 y 

/-7(co.+a^^7^ + Co. -a 7" ^ a(co,+a+^" + co._a"/3+)\ 
-/3(co,-(a-)2 + co,+ (a+)2)) 

7(co,_/3++7+ + co,+/3— 7- - /3(co,+a+/3- + co,_a-/3+) 
V -a(co^+(r)^ + co,-(/3+)2)) J 

+ f "T^'"-«"7 '^^+«+?_r '^'•T) = 0' '^t'^-' (2.42) 

V 7(ci,+/3 +ci_/3+) + C(2,2)/3 / 

represent the first few equations of the stationary Ablowitz-Ladik hierarchy. Here 
we introduced 

Cp = {cp_,- + Cp+,+)/2, p± e No. (2.43) 

By definition, the set of solutions of (|2.4ip . with p ranging in Nq and ce^± G C, 
£ G No, represents the class of algebro-geometric Ablowitz-Ladik solutions. 

Using (|2.ip . one can show (cf. [21]) that (?p+,+ — gp_.- up to a lattice constant 
which can be set equal to zero without loss of generality. Thus, we will henceforth 
assume that 

9p+,+ =gp_,-, (2.44) 

which in turn implies that 

Kp = Gp (2.45) 

and hence renders Vp in (|2.28p traceless in the stationary context. (We note 
that equations (|2.44p and (|2.45p cease to be valid in the time-dependent context, 
though.) 

Next we turn to the time-dependent Ablowitz-Ladik hierarchy. For that pur- 
pose the coefficients a and /3 are now considered as functions of both the lattice 
point and time. For each equation in the hierarchy, that is, for each p, we in- 
troduce a deformation (time) parameter tp S M in a,/3, replacing a{n), (3(n) by 
a{n,tp),/3(n,tp). Moreover, the definitions (1^:271) . ([2:281) . and ((Oill - lfOTl) oiU,Vp, 
and Fp, Gp, Hp, Kp, respectively, still apply. Imposing the zero-curvature relation 

Ut^ + UVp^V+U = 0, peNl, (2.46) 

then results in the equations 

at,, = i{zF- + aiGp + Kp - Fp) , (2.47) 

Pt^^ -t{PiGp + Kp) - Hj^+ z-'H^), (2.48) 

= z(Gp - Gp) + z0Fp_ + aH-, (2.49) 

= zf3F- + aHp + Kp - Kp. (2.50) 
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Varying p G Ng , the collection of evolution equations 

- ' V-*% + /3(5p+,+ +5p-,-)-V-i,-+V-i.+/ (2.51) 

tpGM, penl 

then defines the time-dependent Ablowitz-Ladik hierarchy. Explicitly, taking p_ = 
p+ for simplicity, 

AL(o,o)(a,/3) =(-:"*-' 7 :^"^°^")=0, 

^'^'^^ ''^^ l^-i/3t,,,, +7(co,+/3-+co,-/?+)+C(i,i)/?; 

AL(2^2)(a,/3) 

/-«"*(2 2) - 7(co,+a++7^ + Co,-" 7" - a(co,+a+/3~ + co,_a"/3+)\ 
' ■ -/3(co,_(a-)2 + co,+ (a+)2)) * 

-»A(2 ,) + 7(co,-/3++7+ + co,+/?--7" - /3(co,+a+/3- + co,-a- f3+) 

V -a(co^+(r)' + co,4/3+)')) y 

't'-:-^ '"^.+?-r '^^'T) = 0' ^t-' (2-52) 

7(ci,+/3 +ci,_/3+) + C(2^2)/3 / 

represent the first few equations of the time-dependent Ablowitz-Ladik hierarchy. 
Here we recall the definition of Cp in (I2.43P . 

By p.Sip . ()2.6|) . and ()2.10|) . the time derivative of 7 = 1 — a/3 is given by 

7tp = il{igp+,+ -9p+,+) - (5p-,- -3p_,-)): (2-53) 

or, alternatively, 

-,t^ = i-f{az-^Hp - aHj^ + PFj^- z(3Fj^), (2.54) 

using (I2:47l) - (l230l) . 

Remark 2.5. (z) The special choices f3 = ±a, co,± = 1 lead to the discrete 
nonlinear Schrodinger hierarchy. In particular, choosing cn 1) — —2 yields the 
discrete nonlinear Schrodinger equation in its usual form (see, e.g., [Tj Ch. 3] and 
the references cited therein), 

- iat -(It H^){a^ + a^) + 2a = 0, (2.55) 

as its first nonlinear element. The choice /3 = a is called the defocusing case, (3 = —a 
represents the focusing case of the discrete nonlinear Schrodinger hierarchy. 
(ii) The alternative choice /? = a, co,± = Th leads to the hierarchy of Schur flows. 
In particular, choosing C(i 1) = yields 

at-~{l~\a\^){a+ -a-) = (2.56) 

as the first nonlinear element of this hierarchy (cf . [9] , [16j , [17] , [29] , [35] , [44] ) . 
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3. Lax pairs for the AL hierarchy 

In this section we introduce Lax pairs for the AL hierarchy and prove the equiv- 
alence of the zero-curvature and Lax representation. This result is new. 

Throughout this section we suppose Hypothesis 12.11 We start by relating the 
homogeneous coefficients fe,±, ge,±, and hi^± to certain matrix elements of L, 
where L will later be identified as the Lax difference expression associated with 
the Ablowitz-Ladik hierarchy. For this purpose it is useful to introduce the stan- 
dard basis {5m}m£Z in ^^(Z) by 

5m = {Sm.n}nel.i m E Z, Sm.n = { ' , ' (3-1) 

10, m ^ n. 
The scalar product in £'^{Z), denoted by ( • , • ), is defined by 

(.f,9)^J2^^9in), f^gefiZ). (3.2) 

In the standard basis just defined, we introduce the difference expression L by 



L 



-a(0)p(-l) -/3(-1)q(0) -a(l)p(0) p(0)p(l) (j 

p(-l)p(0) /3(-l)p(0) -f3{Q)a{l) /3(0)p(l) 

-a(2)p(l) -I3{l)a{2) -a(3)p(2) p(2)p(3) 

p- p(l)p(2) /3(l)p(2) -/3(2)q(3) /3(2)p(3) 



(3.3) 



= f - P{n)a{n + l)S,n,n 

+ (/3(n - l)p{n)Sodd{n) - a{n + l)p(n)(5cvon("))'5m,n-i 

-I- (P{n)p{n + l)Sodd{n) - a{n + 2)p{n + l)Scvcn{n))drn,n+i (3.4) 

-I- p{n + l)p{n + 2)(5cvcn(?^)'5„l,„+2 + p{n - l)p{n)Sodd{n)S„i^n-2 



m.n^'L 

= P~P Seven S + iP^P Seven - a^pSodd)S^ - f3a'^ 

+ (/3p+ Seven " «++P+ <5odd)^+ + P+P++ ^odd S++ , (3.5) 

where ^cvcn and ^odd denote the characteristic functions of the even and odd inte- 
gers, 

"even ^ X2Z1 "odd ^ J- ~ Oeven ^ X2Z+1- (."^-"j 

In particular, terms of the form ~P{n)a{n+l) represent the diagonal (n, n)-entries, 
n G Z, in the infinite matrix (|3.3p . In addition, we used the abbreviation 

p = j'/^ = {l-a(3)'/\ (3.7) 

Next, we introduce the unitary operator Ug in £^(Z) by 

Ue = (£(")'5m,n)(„,„)ez2, ^W ^ {1,-1}, n E Z, (3.8) 

and the sequence e — {s{n)}nez £ C^ by 

e{n) = e{n - l)e(n), n £ Z. (3.9) 
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Assuming a,/3 G £°°(Z), a straightforward computation then shows that 

L, = UgLU^\ (3.10) 

where L^ is associated with the sequences a^ — a, (3^ = (3, and p^ = ep, and L 
and L^ are the bounded operator reahzations of L and L^ in ^^(Z), respectively. 
Moreover, the recursion formahsm in (|2.5p - (|2.12p yields coefficients which are poly- 
nomials in a, (3 and some of their shifts and hence depends only quadratically on 
p. As a result, the choice of square root of p(n), n G Z, in (|3.7p is immaterial when 
introducing the AL hierarchy via the Lax equations (|3.38p . 

The half-lattice (i.e., semi- infinite) version of L was recently rediscovered by 
Cantero, Moral, and Velazquez 111] in the special case where (3 = a (see also 
Simon [42], [43] who coined the term CMV matrix in this context). The matrix 
representation of L~^ is then obtained from that of L in ()3.3p by taking the formal 
adjoint of L and subsequently exchanging a and (3 

L^^ = f - a{n)f3{n + l)5jn,n + {a{n - l)p{n)6cvcn{n) (3.11) 

- P{n + l)p{n)Sodd{n))drn,n-i 

+ [a{n)p{n + l)(5cvcn(n-) - f3{n + 2)p{n + l)6odd{n))5m,n+i 

+ p{n + l)p{n + 2)Sodd{n)5,n,n+2 + p{n - l)p(n)4vcn(»^)^m,n-2 ) 

/ 771, nGZ 

= P^ p5oddS + {a^ p5add ~ P^pScvcn)S^ - af3^ 

+ («P+ <5odd - /3++P+ <5evc„)5+ + P+P++ (5evcn S++ . (3.12) 

L and L^^ define bounded operators in ^■^(Z) if a and /3 are bounded sequences. 
However, this is of no importance in the context of Lemma l3.ll below as we only 
apply the five-diagonal matrices L and L~^ to basis vectors of the type 6m- 

Next, we discuss a useful factorization of L. For this purpose we introduce the 
sequence of 2 x 2 matrices 0{n), n G Z, by 

and two difference expressions D and E by their matrix representations in the 
standard basis (|3T]) of £2(^) 

(■■ ^ ( ^ 

0(271-2) ^ p _ e(2n-l) ^ 

0(2n) ' ^ ^ 61(271+1) 

I J I -J 

where 

^ D(2n ~ l,2n - I) D{2n~l,2n)^ 
D{2n,2n-1) D{2n,2n) 

f E{2n,2n) E{2n,2n+l) 

\E{2n + l,2n) £'(2n + 1, 2n + 1) 

Then L can be factorized into 

L = DE. (3.16) 

Explicitly, D and E are given by 

D = p (5cvcn 5*" - a+ (5odd + /3 (Jcvon + P^ (^odd 5'+, (3.17) 



D = 



9{2n), 

e{2n + l), neZ. 



(3.14) 



(3.15) 
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E = p 5odd S^ + (3 (5odd - a^ (5cvcn + p^ (5cvcn S^ , (3.18) 

and their inverses are of the form 

D^ = pScvcnS^ - [3'^ 5odd + a5cvcn + p^ 5oddS^ , (3.19) 

E^^ = /0(5odd 5*^+0: (5odd - /3+ (5cvcn + P^ (^cvon •5+. (3.20) 

The next result details the connections between L and the recursion coefficients 
fi,±, 9t,±, and /if,±. 

Lemma 3.1. Letn G Z. T/ien f/ie homogeneous coefficients {fi.±}iefiaj {9i.±}i&io' 
and {/i£,±}^GNo satisfy the following relations: 

fi,+ {n) = {dn,EL^Sn)Sc^cn{n) + ((5„, L''DSn)Sodd{n), d G No, 

ftA^) - (^„,i?-i£-'5„)(5cvcn(rj) + (J„,L-^^-ir5„)<5odd(n), ^ G No, 

5o.± = l/2, g,,±(n) = ((5„,L±X), ^ G N, (3.21) 

/ii!,+(n) ^ {Sn, L'^ DSn)6evcn{n) + ((5„, EL'^Sn)Sodd{n), e G No, 

/i£.-(n) = iS„,L-'E-^5r,)d,,Un) + i5r,,D-^L-'5r,)dodd{n) i G Nq. 

Proof. Using (|3.16[) - (|3.20p we show that the sequences defined in (|3.2ip satisfy the 
recursion relations of Lemma 12.41 respectively relation (|2.6I) . For n even, 

5,,+(n) - g,,+(n - 1) = ((5„, DEL'-'S„) - {Sn-i, DEL'-'5r,^i) 

= {D*Sn,EL'-^6r.) - {D*6n-i,EL'-Hn-i) 

= [3{n){5n.EL'-Hn) + pin){6n-i,EL''^Sn) (3.22) 

+ a{n){dn-i,EL'-^6nA - p{n)idn, EL'-'d„-i) 

= /3{n)fe^i^+{n) + a{n)hi_i^+{n - 1), 

since {EL'^y = EL' by (jXT^ . (|XTC1) . Moreover, 

/,.+ (n) = iS„,EL'Sn) = (^*5„,L^5„) 

= -a(n + 1)((5„, L^(5„) + p(n + l)((5„+i, L%0 

+ a(n + l)(5„+i,L^(5„+i) - a(n + l)((5„+i, L^(5„+i) 

= /f_i,+(n + 1) - a(n + l)(gf,+(n + 1) + .9£,+ (7i)) , (3.23) 

he,+ {n) = {Sr,,L'^DSn) = /3(n)(5„, L^5„) + p(n)(^„, L^^„_i) 

+ /3(n)(,5„_i,L^(5„_i)-/3(n)(5„_i,L^(5„_i) 

== hi^i^n- I) + f3{n)[giAn) + g^^n - 1)), 

that is, the coefficients satisfy (12.231) . The remaining cases follow analogously. D 

Finally, we derive an explicit expression for the Lax pair for the Ablowitz-Ladik 
hierarchy, but first we need some notation. Let T be a bounded operator in £^(Z). 
Given the standard basis (|3.ip in ^^(Z), we represent T by 

r=(T(TO,n))(^^^^^^,, T(m,n) = (J„,r5„), (m, n) G Z^ (3.24) 

Actually, for our purpose below, it is sufficient that T is an A'^-diagonal matrix for 
some A^ G N. Moreover, we introduce the upper and lower triangular parts T± of 
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Tby 

rr Irr f \\ rj. ( ■, } T {m , u) , ±(n-m)>0, 

T± = (T±K.))(„„^^,„ T±Kn) = |^^ ^^^^^^^_ (3.25) 

Next, consider the finite difference expression Pp defined by 

(.=1 e=i 

peNl (3.26) 

witli L given by p.3p and Qd denoting the doubly infinite diagonal matrix 

Q.= ((-1)'=<5m),,,,,. (3.27) 

Before we prove that (L, Pp) is indeed the Lax pair for the Ablowitz-Ladik 
hierarchy, we derive one more representation of Pp in terms of L. 

We denote by IqCZ) the set of complex- valued sequences of compact support. If R 
denotes a finite difference expression, then ip is called a weak solution of Rip — zip, 
for some z G C, if the relation holds pointwise for each lattice point, that is, if 
((i? - z)ip)in) == for aU n e Z. 

Lemma 3.2. Let ip e ^g°(Z). Then the difference expression Pp defined in p.26p 
acts on ip by 

/ p- P+-1 

{PpjP)in)^t( -Y,fp-iAn)iEL-'iP)in)- ^ /p^_i_,.+ (n)(i?X^V)(«) 
^ £=1 e=o 

p- p+ 

+ Y.9p--i.-(n){L-'^^){n) + Y,9p+~iAn)iL'^)in) 

+ 2(5?- -('^) + 9p+.+ in))'ip{n)jSoddin) (3.28) 

/P-^i p+ 

+ iij2 hp_-i-eA^)iD-'L-A){n) + J2hp+-iAn){D-'L'iP){n) 
^ e=a e.=i 

p- p+ 

-J29p—e,-ir^)iL^'^i')ir^)-J29p+-eAn)iL^i^)in) 

- A9p--{n) +.9p+,+ (n))-0(n) j(^cvcn(n), n £ Z. 

In addition, if u is a weak solution of Lu{z) — zu{z), then 
{Ppu{z)){n) 

- iFp{z,n){Eu{z)){n) + -(Gp{z,n) + Kp{z,n))u{z,n)\6odd{n) 

+ iiHp{z,n){D^^u{z)){n) ~ -{Gp{z,n) + Kp{z,n))u{z,n)\Scvcn{n), 

n E Z, (3.29) 
in the weak sense. 
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Proof. We consider the case where n is even and use induction on p ^ {p-,p+). 
The case n odd is analogous. For p = (0, 0), the formulas (|3.28p and p.26p match. 
Denoting by Pp the corresponding homogeneous operator where all summation 
constants Ck,±, k = 1, . . . ,p±, vanish, we have to show that 

iPp^ = iPp^-iL - hp^-i,+D^'^L + -{gp^-i^+L + gp+,+) 

^ ^ (3.30) 

+ iP-__,L-^ - hp_^i^^D-^ + -{gp_-i.-L-^+gp_^-), 

where Pf correspond to the powers of L in (jX^ . Pf ^ § ((L^^)± - {L^^)^) ■ This 
can be done upon considering {Sm, PpSn) and making appropriate case distinctions 
m = n, m > n, and m < n. 

Using (ISH), dnHJ), (EUll-dSSni), dSSSl), and LemmalXTl one verifies for instance 
in the case m — n, 

= {Sn,iPp_^^iLSn) +a{n+ l)/ip^_i,+(n) 

+ 2 (5p+.+ ("') ~ "('^ + l)/3(n)5p+_i,+ (n)) 
= (^„, i((LP+-i)+ - {LP+-^)^) {a++p+5r,-i + «+/3<5„ + «+p<5„+i - p"p(5„+2)) 

+ a(n+ l)/ip^_i,+(n) + -{gp^^+{n) - a{n + l)/5(n)gp_^_i,+(n)) 
= Aa{n + l)p{n){6n, L^^-^Sn-i) + ^a{n + 2)p{n + 1)(<5„, LP^-^S^+i) 

- -p(n + l)p{n + 2)((5„, LP+-^Sn+2) + a{n + 1)^-1, +H 

+ 2 (^P+.+ ("') ^ "('^ + l)^H5p+~i,+ ("-)) 
= -a(n+l)p(n)(,5„,LP+-i<5„_i) 

- a{n + l)/3(n)gp_^_i_+(n) + a(n + l)ft.p_^_i,+ (n) 

= 0, (3.31) 

since by Lemma |3.1[ 

hp^.i,+ {n) = {Sn,LP+-'DS,,) = /3{n){5n,LP+-^5n) + p{n){Sn,LP+-^Sn^i). 
Similarly, 

{5n,iPp_Sn) 

= {Sn,iPp__iL^^Sn) - a{n)hp_^i^^{n) + -{gp_-{n) -a{n)f3{n + l)5p__i,_(n)) 
= ((5„, i((Li-P-)+ - {L'-P-)^){p+p++Sn-2 + ap+S,,^i - al3+5n + a"P<5„+i)) 

- a(n)/ip__i _(n) + -(gp_,-(ri) - a{n)P{n + l)gp__i,_(n)) 
= -ip(n- l)p(n)(<5„,Li-P-^„_2) - la{n - l)p(n)(<5„, L1-p-,5„_i) 
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+ -a{n)p{n + 1)((5„, L^"P-(5„+i) - a(n)/ip__i,_(n) 

+ 2(5?- -H - a{n)l3{n + l)gp__i,_(n)) 

= a{n)p{n + 1)((5„, L^"P-(5„+i) - a{n)(3{n + l)5p__i^_(n) - a{n)hp__i^_{n) 

= 0, (3.32) 

where we used Lemma 13.11 and (I2.12p at £ = p_ — 2 for the last equahty. This 
proves the case m ^ n. The remaining cases m > n and m < n are settled in a 
similar fashion. 

Equality ([X^ then follows from Lu{z) = zu{z) and (l^3i)l - (|07)l . D 

Next, we introduce the difference expression P^ by 

■ P+ 



^/ = -^E^p.-^^+(((^V)+-((iV)-) 



';_' (3.33) 

f=i 
with L^ = ED the difference expression associated with the transpose of the infinite 
matrix p.3p in the standard basis of £'^{Z) and Qd denoting the doubly infinite 
diagonal matrix in (|3.27p . Here we used 

{M+y = (M^)-, (Af-)^ = (Af^)+ (3.34) 

for a finite difference expression M in the standard basis of £'^ (Z) . 

For later purpose in Section [5] we now mention the analog of Lemma 13.21 for the 
difference expression Pj without proof: 

Lemma 3.3. Let x G ^o"(^)- Then the difference expression Pj defined in p.33p 
acts on X by 

/ "—^ 
{P^x){n)^i[ - E h,_^,^^An){E-\L'')-'x){n) 

p+ 



-Y.hv^-^^+{n){E-\L'Yx){n) 
i=i 
p- p+ 

+ Y.9p-iAn)iiL'^)-'x)in)+J2g,^^eAn)iiL'^Yx.)in) 
1=1 1=1 

+ 2C9P- -H +-9p+,+("))x(") j^odd(?^) (3.35) 

^ 1=1 

t=o 
-J29p-iAn){{L'')-'x){n)-Y,g,^^,An){{L''fx){n) 



1=1 1=1 
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2{9p--in) +ffp+,+("))x(") j^cvcn("), n e Z. 



In addition, if x is a weak solution of L^ v{z) — zv{z), then 
{Plv{z)){n) 

= -iiHp{z,n){E^^v{z)){n) - -(Gp{z,n) + Kp{z,n))v{z,n) j(5odd("-) 

+ iiFp(z,n){Dv(z)){n) - -(Gp{z,n) + Kp{z,n))v(z,n) j5cvcn{n), 

neZ, (3.36) 
in the weak sense. 

Given these preliminaries, one can now prove the foUowing result, the proof of 
which is based on fairly tedious computations. We present them here in some detail 
as these results have not appeared in print before. 

Theorem 3.4. Assume Hypothesis \2.1[ Then, for each p G N§, the pth stationary 
Ablowitz-Ladik equation s-ALp{a, P) = in (|2.4ip is equivalent to the vanishing of 
the commutator of Pp and L, 

[Pp,L] = 0. (3.37) 

In addition, the pth time- dependent Ablowitz-Ladik equation Ahp{a, f3) = in 
(|2.5ip is equivalent to the Lax commutator equations 

Ltjtp) - [Ppitp). L{tp)] =0, ip e M. (3.38) 

In particular, the pair of difference expressions {L, Pp) represents the Lax pair 
for the Ablowitz-Ladik hierarchy of nonlinear differential- difference evolution equa- 
tions. 

Proof. Let / £ ^o(^)- To curb the length of this proof we will only consider the 
case n even. We apply formulas p.28p to compute the commutator {[Pp,L]f){n) 
by rewriting D'^L'^ = EL^'^ and using (031), (|XT7|) . and (|XT51) . This yidds 

i{[Pp_,L]f){n) 

= 1 Yl p'piap+-i,+ - 9p;-i,+) 

^£=1 

I 

P+ 



e=o ' 

E K(p")'V-r- 1-^,+ - (/3")Vp;-i-,,+) (iV)(n - 1) 

f=o ^ 



l=\ 

P+-1 



?=0 

p+ 



«=1 
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P+-1 \ 

P++1 

P+ 
P+-1 X 

+ E (/3("+)' v-i-^.+ - /3(p+)'/p+ -1-^,+ - "+ v+-i-^,+) (^'/)(") 

p- 

=1 

- p- 

P--1 . 

P--1 . 



^=0 

p- 



^ (/3a+(5p_-£,- - 5p:_,^_ + a+/ip__,,_ + /3+/p+__,^_) - /3/p+__,,. 



P--1 



+ 2(/3p+(.9p_.- +.9++,+ +.9p-,- +.9p+,+)/(« + 1) 
+ /3"p(5jL,- +5p+,+ +5p- - +5p+,+)/(»^- 1) 
- P^p{9pZ- + 9p+,+ - dp-,- - 9p+,+).f{n - 2)j, (3.39) 



where we added the terms 



p+ p+ 



£=1 £=1 

P++1 p+ 

= - E .v+i-.,+(^'/)H+E5;+-A+^(^'/)H' 
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P+ P+ 



e=i e=i 

= - E K+-i,+ («(iV) W + piL'f){n - 1)) 

e=i 

+ E V,-i-,,+ (-«+(iV)H+P+(iV)(ri+l)), (3.40) 

= -T.%_-i.-iL-'+'f)in)+Y.9;_-e.-(L-'+'f){n) 

= -Ev-i-^,-(^"'/)(") + E5;__,.-i(i-V)H, 

£=0 £=1 

o = -E^-_,._p-'i-'+V)H+Ev„_£,_(i^i-V)(") 
P--1 

+ E V-^,- ( - "^(^"'/)(") + P+(i-V)(ri + 1)) • 

£=1 

Next we apply the recursion relations p.5p - p.l2p . In addition, we also use 

a+V-£,- +/3+/p+_-£,- = «+(/i+_-i-£,^ -/9+(5+ -£,- +.9p-£,-)) 

+ /3+(/p_-i-£,- + «+(5+__,,_ + gp—L-)) 
= gt-i,- - 9p-i,- (3.41) 

This implies, 

i{[Pp_,L]f){n) 

P+-1 
= E P'p[f^p+-i,+ - 9p+^i,+ - 0''K+-i-e,+ ^ P'fp+-i-t,+) (^V)(" - 2) 

£=1 
P+-1 

£=1 

P+-1 

£=1 

+ P^(/3(5p+-£,+ + .9p+-£,+) + V+-i-^,+ " V-^.+)) (^V)(" + 1) 



P+-1 



E (5p++i-£.+ - .9p++i-£,+ - "V-^,+ + ^"^(5jJ;_£^+ + 5p+-£,+) 
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-/3/p+ -!-£,+) (3.42) 

P+-1 \ 

+ J2 /3«+(5p+-^,+ - g^^-i^+ + a+ V-i-^,+ + P^fp^-i-i.+) ) iL'.f)H 

p- 

1=1 
P--1 

Zl {(^^ pisp_-L- - 9~7-i^- - P~ f:;;_-i^- - a-h--_^_) 
1=1 

E (/^P+lffp^l-^,- - 9p-i,- - a+/ip_-.,- - /?+/+_,,_) 
=1 

+ p'^{P{9p—L- + .v-£,-) + K--t:- " K—i-L-)) {L^'Din + 1) 
P--1 

E (5p--i-^,~ - gp_-i-i- - aV--i-A-) 
=1 
p- 

E/^K(5p':-^.-+5p-^.-) -/,":-..-) 
p- 



P--1 
+ 
^=1 



«=i 
p- 



1=1 
P--1 



1=1 ^ 

+ p-pfc - .9o:;)(i^+/)(« - 2) - p-p(a- v+"_i,+ + /3-/p;_i,+)/(n - 2) 

+ p(2/3-.9o:+ - h^^^){mf){n - 1) + p((p-)2V+"_i,+ - {p-ff;^-i,+)f{n - 1) 

+ (.9o,+ -.9o:+)(^""+V)H 

+ (.91,+ - .9i;+ - a/io;+ + /3a+(.9o,+ - .9^+) + a+ho,+){L'P+ J){n) 

+ (.9p--i,- - .9jL-i - - "V--!,- ^ Pfp--i-)f{n) 

+ /3K(.9;^,+ - .9p+,+) + /p-i,- - /p+ -i,+)/H 

+ a^(/3(/3/p+-l,+ + aV+-l, + ) + V-l,- - V+-l: + )-^("') 

- (/3a+(.9o,- +.9o:-) -/3/-1,- +"+/io:-)(i"^-/)H 

- ("V+-i,+ + /3/p+-i,+)(/3p+/(^ + 1) + rpf{n - 1) + p-p/(n - 2)) 

+ (/3^p(.9o:- + .9o:- - r /oT-) + (p")Vv,:) (i"^-/)(^ - 1) 
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+ (/3p+ {g+_ + <?„-_ - /3+/+_ - a+ho,-) + p+h^,_) {1'^- f){n + 1) 
- plT-p^-i-fin- 1) -p+/ip__i _/(n+l) 

+ ^{f^P^iat,- + 5p+,+ + 9p-.- + 9p+,+)f{n + 1) 
+ P^p{9p_- +9p+,+ +9p--+9p+,+)f{n- 1) 
- P^p{9pl- + 9p+,+ - 9p-- - 9p+,+)f{n - 2)j 

= -2-(3p+T+ ~ 3p-% + 9p-,- ~ 9p+..+)l{n - 2) 
+ {p{P~{9pZ+ + ^jT^,-) - V--1,- + V+"-i,+) 

+ ^(5^+,+ +5p-.- - 9p+,+ - 9p_.-))fin - 1) 
+ (/3(a+(.9p++,+ +.9p-,-) + /p-i,- - /pt-i,+) 

+ (p^(/3(3p+,+ +5p-,-) - V-i:- + V+-i,+) 

+ ^(5p+,+ +.9+_,--g++,+ -.9p-,-))/(^ + l), (3.43) 

where we also used (I2.25p . 

Comparing coefficients finally shows that (|3.38p is equivalent to 

{p~p)t^^p-p{C-+C), (3.44) 

{ap-)t^^p-A + ap-C-, (3.45) 

Wp+)t^ = P+B + l3p+C+, (3.46) 

{a+P)t^ = /3A+ + a+B, (3.47) 

where 

A = i{aigp^^+ + <?p___) - /p+-i,+ + .fp_-i,-), (3.48) 

S = *( - /3(5p;,+ + 9p-,-) + /ip-i,- - /V-i,+)' (3-49) 

C= -(gp+,+ +.9p_._ -9p^^+ -9p-,-)- (3-50) 

In particular, (|2.5ip implies (|3.38p since, by (|2.53|) . 

Ptp = 2P{9p+,+ +9p_,- - 9p+,+ -9p-,-)- (3.51) 

To prove the converse assertion (i.e., that (|3.38p implies (|2.5ip ). we argue as follows: 
Rewriting (jOS)) and ((Oe)) using p ^ 7^/2 = (1 - a/Sy/^ and ((Oi)) yields 
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This linear system is uniquely solvable since its determinant equals 7^^ and the 
solution reads 

g (3.53) 

Using ([^ and ((TTU)) it is straightforward to check that PA + aB + 2'^C = which 
shows that the converse assertion also holds. D 

The Ablowitz-Ladik Lax pair in the special defocusing case, where (3 = a, in 
the finite-dimensional context, was recently discussed by Nenciu [55] . 

4. Green's functions and high- and low-energy expansions 

In this section we discuss the Green's function of an i?^(Z)-realization of the 
difference expression L and systematically derive high- and low-energy expansions 
of solutions of an associated Riccati-type equation. 

Throughout this section we make the following strengthened assumptions on the 
coefficients a and (3. 

Hypothesis 4.1. Suppose that a, (3 satisfy 

a,/3e^°°(Z), a{n)(3{n) ^{0,1}, neZ. (4.1) 



Given Hypothesis 14.11 we introduce the P (Z)-realization L of the difference ex- 
pression L in (|3.5p by 

Lf = Lf, fedom{L)^f{Z), (4.2) 

and similarly introduce the i?^ (Z)-realizations of the difference expression D, E, 
D-^, and E-^ in ((3T7l) - ((3:20)) by 

Df = Df, fe dom{D) = e{X), (4.3) 

E! = E!, fedom{E)^i\Z), (4.4) 

D-\f = D-\f, f edom{D-^) =£^{Z), (4.5) 

E-'f = E-'f, fedom{E-')=£\Z). (4.6) 

The following elementary result shows that these ^^(Z)-realizations are mean- 
ingful; it will be used in the proof of Lemma l473l below. 

Lemma 4.2. Assume Hupothesis lA.ll Then the operators D, D^^, E, E^^, L, and 
L~^ are bounded on ^^(Z). In addition, (i — z) is norm analytic with respect to 

z in an open neighborhood of z — 0, and (L — z) = —z^^(l — z^^L) is analytic 
with respect to 1/z in an open neighborhood of 1/z = 0. 

Proof By Hypothesis O p'^ = 1 - a/3, and f3T7|) -(|3:20 )) . one infers that D, E, 
D^^, E~^ are bounded operators on i'^(Z) whose norms are bounded by 

||£)||,||i?||,||i)-^ 



Since by (IHTB . 

L^DE 



E-^ <2||p|U + ||a||oo + ||/3||oo 




<2(l + ||a|U + ||/3||oo). 


(4.7) 


, L-^ = E-^b-\ 


(4.8) 
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the assertions of Lemma 14.21 are evident (alternatively, one can of course invoke 
(1331) and ^J^). O 



To introduce the Green's function of L, we need to digress a bit. Introducing 
the transfer matrix T{z, ■ ) associated with L by 



T{z,n) = < 



p{n) 
p{n) 



-1 [ a(") z \ 
-1 (din) 1 \ 



n odd, 



n even, 



zeC\{0}, neZ, (4.9) 



1 a{n) I 
recalling that p = 7^/^ = (1 - a/3)^/^, one then verifies that (cf. (I2.27P ) 

T{z,n)^ A{z,n)z-^^^p{n)-^U{z,n)A{z,n-l)-\ zeC\{0}, neZ. (4.10) 
Here we introduced 

r/zi/2 



A{z,n) = < 



,1 ' 



, n odd, 



n even. 



eC\{0}, neZ. 



(4.11) 



Next, we consider a fundamental system of solutions 

'^i,±(^, •)' 



*±(^, ■) 



"02, ±(2, •) 



of 



(4.12) 
(4.13) 



L/(z)*±(z) = *±(z), z e C \ (spec(L) U {0}), 

with spec(l/) denoting the spectrum of L and C/ given by (|2.27p . such that 

det(*_(z),*+(z)) 7^0. (4.14) 

The precise form of ^± will be chosen as a consequence of (|4.20p below. Introducing 
in addition, 



v±(z,n)J V , , / VV'2,±(2,n) 

z e C\ (spec(L) U{0}), 71 G Z 
for some constants C± £ C \ {0}, ((4T0)) and (|4?T5l) yield 

Moreover, one can show (cf. [28 ) that 

Lu±{z) — zu±{z)^ L v±{z) = zu±(z), 
Dv±{z) = u±(z), Eu±{z) = zv±{z), 

where 

L = DE, L^ = ED, 



(4.15) 



(4.16) 

(4.17) 
(4.18) 

(4.19) 
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and hence L^ represents the difference expression associated with the transpose of 
the infinite matrix L (cf. ()3.3|) ) in the standard basis of ^^(Z). Next, we choose 
'^±{z) in such a manner (cf. again |2H]), such that for all np G Z, 

{^^^^,'^^'')\ee{[nQ,±oo)r\Zf, zeC\(spec(L)u{0}). (4.20) 

Since by hypothesis z e C\spec(l/), {u+{z, ■),v^{z^ • ))^ and {u-{z, • ), w_(z, ■ ))^ 
are linearly independent since otherwise z would be an eigenvalue of L. This is of 
course consistent with (|4.14p and (|4.15p . 

The Green's function of L, the £^(Z)-realization of the Lax difference expression 
L, is then of the form 

G(z,n,n') = (<5„,(L-z)~'j„,) (4.21) 

-1 

-,rUi('^+^^'^^ U_(Z,0) 

^^^'l^z;+(z,0) «_(z,0) 

{V-(z,n')u+{z,n), n' < n or n — n' even, , „ 

, , n,n e Z, 

v+{z,n )u-{z,n), n > n or n — n odd, 

1 (l-0+(z,O))(l-0_(z,O)) 



4z 0+(z,O)-0_(z,O) 

r«_(z,n')-+(.,n), n' < n orn = n' even, ^^^,^^^ ^^^2) 

I v+(2;, n')M_(z, n), n' > n or n — n' odd, 

zeC\(spec(i) U{0}). 
Introducing 

'/'±(^,»)- V'2,±(2:,n) ^gcWspec(L)u{0}), nGN, (4.23) 

then (|4.13p implies that (j>± satisfy the Riccati-type equation 

a(l)±(/)'±-(l>^ + z(j)± = z(3, (4.24) 

and one introduces in addition, 

f = :r^' (4.25) 

<P+ -0- 

0+ -<P- 
Using the Riccati-type equation (|4.24[) and its consequences, 

a(0+<^; - (/.-(/.I) - (0; -(/)!) + z(0+ -(/.-) = 0, (4.28) 

a(0+(^; + (/.-O - (<^; + (/.:) + z(</.+ + </._) = 2z/3, (4.29) 

one then derives the identities 

z{q- - q) + zl3f + ai)- = 0, (4.30) 

z/3r+af)-fl + fl"=0, (4.31) 



24 F. GESZTESY, H. HOLDEN, J. MICHOR, AND G. TESCHL 

^\ + zr+a{g + g-)=0, (4.32) 

z(3{0-+3)-zi) + i)- =0, (4.33) 

fl' - fl) = 1. (4.34) 

For the connection between f, g, and () and the Green's function of L one finaUy 
obtains 

,/ ^ ^ / x/ ^. N ,N ^ ^ y \ G(z,n — l,n), n even, 

f(z, n) - -2a{n){zG{z, n, n) + I) - 2p{n)z { ) ' 

\Lr(z,n,n—l), n odd, 

g(z, n) = -2zG{z, n, n) - 1, (4.35) 

u( \ -,M \ n( \ o f \ JG{z,n,n-l), n even, 

()[z,n) — —2p[n)zG(z,n,n) — 2p[n)z < 

\G{z,n—l,n), n odd, 

illustrating the spectral theoretic content of f, g, and f). 

We are particularly interested in the asymptotic expansion of (j)± in a neighbor- 
hood of the points z = and 1/z = and turn to this topic next. 



Lemma 4.3. Assume that a, (3 satisfy Hypothesis\4A\ Then <j)± have the following 
convergent expansions with respect to 1/z around 1/z = and with respect to z 
around z — 0, 

^±iz) - /^r=«'^^°^+""'' (4.36) 



where 






oo 


= (0°°, ) - - a > >- ,^+ ) - </>-+ , jeN, 


JjOO 


_ 1 .oo _ «++ _^ 


?-!,- 


«+' '^"- (a+)2^ ' 


f+l.- 


£=0 


^a + 


1 J,0 "" 





j+i 
^ (0,"+)+ + "+ i^(</'?+i-.,+)+4+' J' e I^' 

f=0 


^5,- 


= -/?+, 



(4.38) 



(4.39) 



(4.40) 



/.°+i,- = (<^°-)++"+E'^°+i-^-(4-)+. jeN. (4.41) 

^=1 
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Proof. Since 

0± = ^, (4.42) 

combining Lemma BT^ (|4.2ip and (|4.35p proves that (p± has a convergent expansion 
with respect to z and 1/z in a neighborhood of z = and 1/z = 0, respectively. 

The explicit expansion coefficients 4''f'± ^^^ then readily derived by making the 
ansatz 



<j± = 

z — *oo ' — 
.7 = -l 



E C±^"'- (4-43) 



Inserting (|4.43p into the Riccati-type equation (|4.24p one finds 

= a(/'±0± -(t>±+ z{4>± -13) = (a(/._i,±0:i_± + (t)^i^±)z^ + 0{z^), (4.44) 

which yields the case distinction above and the formulas for (/)°°j-. The corre- 
sponding expansion coefficients (jPj ^ are obtained analogously by making the ansatz 



+0 ■ 



For the record we list a few explicit expressions: 



^oo _^ 



0,H 

oo 

'1,+ 



-°° =n 



-1:- 



a++ + 



(a+) 



7 



^(a+a+++7++-(a++)2) 



J,0 



(«+) 
1 



a 



a 



'i,+ ^ "7T7> 



aO _ / ((^-\2 



""2,+ 



— ((a )^ - a q;7 



° --/?^ 






<-=7+(-(«+f (/?++)' 

+ 7++ (2a+/3++/3+++ + «++(/?+++ )2 -7+++/?++++) ), etc. 



Later on we will also need the convergent expansions of ln(2; + a^4'±{z)) with 
respect to z and 1/z. We will separately provide all four expansions of ln(z + 
a'^(j)±{z)) around 1/z = and z = and repeatedly use the general formula 

y OQ \ OO 

ln(l + E^.^^M=E^.'-^^'' (4.45) 

^ i=i ^ j=i 
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where 

(Ti=uji, (Tj = cjj - 2_] -^J-fCTf, j > 2, (4.46) 

£=1 -^ 

and \z\ as \z\ -^ 0, respectively, l/|z| as |z| ^ oo, are assumed to be sufficiently 
small in (|4.45p . We start by expanding 0+ around 1/z = 

ln(z + a+4>+{z)) = In ( z + a+ ^ C+-^"^ 

y OO 

= lnM+a+^0°°+z--'-i 
\ i=o 

= ln(l + a+^0-i,+z-^ 

OC 

= EC+^^-''' (4.47) 

where 

i-i 



Pr+=«+C+' Pr+=«^'''°° 



i,+ -E7d-A+C+)' ^'^2. (4.48) 



An expansion of 0_ around 1/z = yields 



ln(z + a+0_(z)) = In ( z + a+ ^ C--^"^ ) 



i=i 



a+^ 



= In ^ + ln7+ + E ^r^"'' (4-49) 

where 

^r- - i?J^<^r-, pr = i?J^(c--E^'^r-.-pr-)> ^•>2. (4.50) 

For the expansion of 0_|_ around z = one gets 

/ OC 

ln(2; + a+(?!)+(z)) = In f z + a+ ^ <^j,+^'' 

= 1M^)+E/'.V^ (4-51) 

\ ' j=i 
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where 



pI^ ^^{1 + aUU), pU - «^2,+ - \{pUf, 



a^ 



/ iZ^. \ 7-1 (4.52) 

\ j^l J J J 

Finally, the expansion of (/)_ around z = is given by 

/ oc 

ln(z + «+(/)_ (z)) = In [ z + a+ ^ 0° _z 

OO 

J=2 



/ OO 

In I 7"*"^ + cn^ y 

\ 1=9 



7-^ 
3:- 



In z + In 7+ + In ( 1 + ^ y^ 



/,o . ^J 






lnz + ln7+ + ^p^__z^ (4.53) 



where 



^■-^^ 



P^ = ?T^^- P^-^UW-E7^^-^^-/'^ ' ^^2. (4.54) 



7^ 7" \ -^ J 

Explicitly, the first expansion coefficients are given by 

P2°?+ = -5("W+7a+/3-, 

P3°r+ = i(«+/?)3 - 7(7-a+/5— - (a+)2r/3 - aa+(r )'), 



p?^+=a-/3+(5+-/) — , 

p^._ = i(a+/5++)2-7++a+/3+++. 



2^ 
3^ 



+ 7++( - 7+++a+/3++++ + (a+)2/3++/3+++ + a+a++(/3+++)2), etc. 

(4.55) 

The next result shows that g j ^ and ±j'p°°_j_, respectively g^^^ and itj'p'^j., are 
equal up to terms that are total differences, that is, are of the form (5+ — I)dj^± 
for some sequence <ij,±. The exact form of dj,± will not be needed later. In the 
proof we will heavily use the equations (|4.30p - (|4.34p . 

Lemma 4.4. Suvvose Hvvothesis \A.l\ holds. Then 

g,,+ ^~jp^+ + iS+-I)d,^+^jp^_ + iS+-I)e,^+, jeN, (4.56) 

gj,_^-jpl+ + iS+-I)d,^^=jpl_ + iS+-I)e,,^, jeN, (4.57) 
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for some polynomials dj^±, ej,±, j G N, in a and [3 and certain shifts thereof. 
Proof. We consider the case for gj^+ first. Our aim is to show that 

^ \n{z + a+0+) = -^0 + 1 + (5+ - I)K + {S+ - I)M, (4.58) 



where 



^-K4"^)' '"^^f ^'-''^ 



which imphes (|4.56p by (|4.47p . Here ■ denotes d/dz. 
Since 0+ = (fl + l)/f, 

d + l + a+0+ f + a+(f0-f0-f)zf + a+0-a^ 

m Z + a (7)j_ = ; = ; ^ ; : 

dz z + a+(j}+ f(zf + Q:+0 + a+) ;zf + a+g-Q;^ 

Next wc treat the denominator of (|i^ using (g^Ol), (P^ - 

f((zf + a+Qf {a+f) = f((zf + a+Qf {a+f{g' ff,)) 

= zf (zf + a+0 + a+g + (a+f-i) 



(4.60) 



= zf (f+ - a+g+ + a+g+ - a+/3+f+) 

= z7+f f+. (4.61) 

Expanding the numerator in (|4.60p and applying (|4.30p , (|4.32p , and their derivatives 
with respect to z as well as 2g0 = ff) + ff) yields 

{zf + a+g-a+){f+a+{f2-k-h) 

= f(zf + za+(f0 - ffl) + a+fg + i(a+)2(f|^ - f()) - a+(f + zf + a+g)) 

= i (2zf + za+fg + zf(-a+g+ - zf - f + f+) - za+fg + zf(a+g+ + zf - f+) 
+ a+fg + f(-a+g+ - zf + f+) + a+f(-/3+f+ - z/3+f+ - g + g+ - zg + zg+) 
+ a+f(2/3+f+ + zg - zg+) - 2a+(f + zf + a+g)) 

= ^ (7+ff+ + 27+ff+ - ^7+ff+ - 2a+(f + zf + a+g)) . (4.62) 

In summary, 

d 1 a+ 

— ln(z + a+0+) = — + {S+- I)M - —^ (f + zf + a+g) • (4.63) 

We multiply the numerator on the right-hand side by — 2 = — 2(g^ — ft)) and use 
again (|4.30p . (|4.32p . and their derivatives: 

2a+(f()-g2)(f + zf + a+g) 

= 2a+fl)(f + zf + a+g) - 2a+fg2 - 2za+fg2 - (a+)2g(ff) + ff)) 

= a+f()(f + zf) + a+fg(-z/?+f+ - zg + zg+) 
+ f(-z/3+f+ - zg + zg+)(f+ - a+g+) 

- a+fg2 + fg(a+g+ + zf - f+) - za+fg^ + zfg(a+g+ + zf - f+) 
+ a+fg(z/5+f+ + zg - zg+) + a+fg(/3+f+ + z/3+f+ + g - g+ + zg - zg+) 

= a+ff](f + zf) + a+fg(-z/3+f+ - zg + zq+) + ff+(-z/3+f+ - zq + zg+) 
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+ a+fB+(z/3+f+ + ZQ- ZQ+) + zf g - 7+ff+0 + z^fjg 

- z7+ff+0 + z/3+ff+(-a+fl+ - zf + f+) + za+fg(g - g+) 

= a+ff^(f + zf) - za+/3+ff+(0 - 5+) - zf(a+0 + zf - f+)(0 - 0+) 

- zff+fl + zf fl - 7+ff+0 + z'fffl - 27+ff+fl + z7+ff+0+ - z2/3+f f+ 

= za+ffl) - zp(z/3+f+ + Z0 - Z0+ - ia+[)) + zf0(f + zf - a+0 - f+ + a+Q+) 

+ z7+ff+(0 - 0+) - 7+ff+0 - 27+ff+0 + z7+ff+0+ 

- za+m + fb - 200) + z7+ff+(0 - 0+) - 7+ff+0 - z7+ff+0 + z7+ff+0+ 

= z7+ff+(0 - 0+) - 7+ff+0 - z7+ff+0 + z7+ff+0+- (4.64) 

Inserting this in (|4.63p finally yields (|4.58p . The result for gj^ is derived similarly 
starting from (f)- — {q — l)/f. □ 

5. Local conservation laws 

Throughout this section (and with the only exception of Theorem [53]) we make 
the following assumption: 

Hypothesis 5.1. Suppose that a,P: Z x M ^ C satisfy 
sup [\a{n,tp)\ + \P{n,tp)\) < cx), 

(n,ip)GZxR ~ ~ fS 11 

a{n, ■), b{n, •) G C\R), n e Z, a{n,tp)[3{n,tp) ^ {0,1}, {n,tp) e Z x M. 



In accordance with the notation introduced in (I4.2|) - ()4.6p we denote the bounded 
difference operator defined on ^^(Z), generated by the finite difference expression 
Pp in ()3.26|) . by the symbol Pp. Similarly, the bounded finite difference operator in 
£^(Z) generated by Pj in (|3.33p is then denoted by Pj . 

We start with the following existence result. 

Theorem 5.2. Assume Hypothesis \5.l\ and suppose a, (3 satisfy ALp(a,/3) = for 
some p G Nq. In addition, let ip £ M and z e C \ (spec(Z/(tp)) U {0}). Then there 
exist Weyl-Titchmarsh-type solutions u± = u±{z,n,tp) and v± = v±{z,n,tp) such 
that for all hq G Z, 

("±(I'','m) e^'(["o,±oo)nZ)2, u±{z,n,-),v±iz,n,-)eC\R), (5.2) 

and u± and v± simultaneously satisfy the following equations in the weak sense 

L{tp)u±{z, ■ ,tp) = zu±{z, ■ ,tp), (5.3) 

u±^tjz, ■,tp) ^ Pp{tp)u±{z, ■,tp), (5.4) 



i^(ip)w±(z, ■,tp) ^ zv±(z, ■,tp), (5.5) 

v±.h{z, ■ ,tp) = -Pj{tp)v±(z, ■,tp), (5.6) 

respectively. 



30 F. GESZTESY, H. HOLDEN, J. MICHOR, AND G. TESCHL 

Proof. Applying {L{tp) — zl) to Sq (cf. (|4.2ip ) yields the existence of Weyl- 
Titchmarsh-type solutions u± of Lu = zu satisfying (|5.2p . Next, using the Lax 
commutator equation (j3.38p one computes 

zu±.t^ = {Lu±)tp_ = Ltjl± + Lu±j,^ = [Pp, L]u± + Lu±^tp_ 
= zPpU± - LPpU± + Lu±^tp_ 

and hence 

{L-zI){u±j.^_-Pp_u±)^0. (5.8) 

Thus, u± satisfy 

u±^t^- PpU±^C±u±+ D±u^. (5.9) 

Introducing u± = c±u±, and choosing c± such that c± 4^ — C±c±, one obtains 

u±,tp - PpU± = D±u^. (5.10) 

Since u± £ £^([?t.o, ±00) nZ), no S Z, and a,/3 satisfy Hypothesis 15.11 (13.29^ shows 
that PpU± G i'^([no, ±00) n Z). Moreover, since 

M±(z,n,ip) = d±(tp)(L(tp)-z/)-iJo)(ri) (5.11) 

for n £ [±1, cx)) n Z and some d± G C"'^(M), the calculation 

u±^t, = d±,t, {L ~ ziy^So -d±{L- ziy^Lt^ {L - ziy'So (5.12) 



also yields u±^tp & ^^(["o,±oo) H Z). But then £)± = in ()5.10p since U;p ^ 
£2 ([no, ±00) n Z"). This proves (jOl) . 

Equations (|5.2p . (|5.5p . and (|5.6p for w± are proved similarly replacing L,Pp by 
L^ ,Pj and observing that (|3.38p imphes 

I^litp) + [Pjitp),L'^itp)] =0, <p e M. (5.13) 

D 

For the remainder of this section we will always refer to the Weyl-Titchmarsh 
solutions u±, v± introduced in Theorem 15.21 Given u±, v±, we now introduce 



*±(^, •,%)= fr^l^^^'g), z eC\ (spec (L(tp)) U {0}), tpGM, (5.14) 
by (cf. KWf ) 



^ip2,±{z,n,tp)J ^S.' \^li^ ' P'J ^' ^ \v±{z,n,tp)J ' (5;l5) 

zeC\ {spec{L{tp)) U {0}), (n,ip) e Z x M, 
with the choice of normalization 

D{tp)^exp(^{gp^,+ {0)-gp_.-{0))tp)D{0), tpER, (5.16) 

for some constant 15(0) e C \ {0}. 
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Lemma 5.3. Assume Hypothesis 15.11 and suppose a,f3 satisfy ALp(Q:,/3) = for 
some p E Nq. In addition, let tp G M and 2 G C \ (spec(L(ip)) U {0}). Then 
^±(^1 ':^p) defined in (|5.15p satisfy 



U{z, •,tp)*±(z, •,tp) = *±(z, •,tp), 

/n addition, ^^{z, ■ ,tp) and ^+(2, 'jip) are linearly independent. 
Proof. Equation (|5.17p is equivalent to 



(5.17) 
(5.18) 



V'i,± 






(5.19) 



Using (|4.1ip and (|5.15p one obtains 

Dz-/'(f[p{n'))\ 



V'l.i 

V'2,± 



n' = l 



z-^/^u± 
z^/^v± 



v± 



n odd, 



n even. 



(5.20) 



Inserting (|5.20p into (|5.19p . one finds that (|5.19p is equivalent to (I4.16p . thereby 
proving (|5.17p . 

Equation (|5.18p is equivalent to 



V'2,±,tr 



. fGp'lpi^± - Fp'lp2,± 



(5.21) 



We first consider the case when n is odd. Using (|5.20p . the right-hand side of (|5.2ip 
reads, 



Gp'^i,± - Fpip2,± 



^FpV'i.i - K^2,±^ 
Equation (|5.20p then implies 

-I = ^t,_z ' 1 



.!>='•— (riM"')) (=5::::^::). ( 



.22) 



V'2.±,t 



Dt^j'^'^i n^("') 



z-^l^u± 
z^'W 



(5.23) 



+ Dz-'^{ X{p{n'] 
Next, one observes that 






Dz^^lHd^^_\{ p{n'] 



n' = l 



z-^l^u± 
z^/^v± 






1 . , / A , ,A 1 f^ 7t.(n') 



Thus, ((05)) reads 



^-l^-(n-l)/2/' J-J^(^^, 



V'2,±,tp 



(5.24) 



(5.25) 
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--^* J ^ H S ^RT J I- J + -IT U. J ■ ^'-''^ 

Combining (|5.22p and (|5.26[) one finds that (|5.2ip is equivalent to 

'u±,tA If^ It^n') ^ /^^\ A, fuA _ . ( Gpu± - zFpV± \ 

Using (1^351) . (lOTll . and (lETB we find 

n' = l '^ '^ n' = l 

= «((5p+.+ (") - 5p-,-(")) - (.9p+,+(0) - 5p-.-(0))) 

£>« 
= i(Gp-ifp)-2-^. (5.28) 

From (|3.29p . p.36p . (|5.4p . and (|5.6p one obtains (we recall that n is assumed to 
be odd) 

u±,tp\ .f -zFpV± + ^{Gp + Kp)u± 



v±jj ' [^z-'HpU± + UGi^+Kp)v±) ' ^^-^^^ 

using dHH). 

Inserting (|5.28p into (|5.27p . we see that it reduces to (|5.29p . thereby proving 
(|5.2ip in the case when n is odd. The case with n even follows from analogous 
computations. 

Linear independence of ^-(2^, • ,tp) and 'I'+(z, • ,tp) follows from 

f'f^'-^"'!^! ^i^+(-'->%A ^Ditpy^/^f n pin',tp)]Aiz^nr 
\ip2,-{z,n,tp) il;2,+ {z,n,tp)J ^ ^' \ ^^/ ' £^y ^ 



n' = l 



^ /u-{z,n,tp) u+{z,n,tp)\ 
\v^{z,n,tp) v+{z,n,tp)J ' 

the fact that p{n,tp) ^ 0, det(A(z,n)) = (—1)"+-'^, and from 

f fu_{z,n,tp) u+{z,n,tp)\\ ^ \ ^ w ^ to ^roi^ 

^^*(,U(z,n,t-) .+ (.,n,i;)jj^O, (n,t,)eZxK, (5.31) 

since by hypothesis z G C \ spec(L(ip)). D 

In the following we will always refer to the solutions ^± introduced in (|5.14p - 
(I51B . 

The next result recalls the existence of a propagator Wp associated with Pp. 
(Below we denote by B{'H) the Banach space of all bounded linear operators defined 
on the Hilbert space TC.) 

Theorem 5.4. Assume Hvvothesis \5.l\ and suppose a, (3 satisfy ALp(ck,/3) = for 
somep G Nq. Then there is a propagator Wp{s, t) G B{P{'L)), [s, t) G M^, satisfying 

(i) Wp{t,t)^I, teR, (5.32) 

(ii) Wp{r, s)Wp{s, t) = Wp{r, t), (r, s, t) G M^ (5.33) 

(Hi) Wp{s,t) is jointly strongly continuous in {s,t) G M. , (5.34) 
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such that for fixed to £ M, /o G ^^(Z), 

.nt)^Wpit,to)fo, teM, (5.35) 

satisfies 



-J{t)^Ppit)f{t), fito) = fo. (5.36) 



d_ 

df 

Moreover, L{t) is similar to L{s) for all {s,t) £ R^, 

L{s) = Wp{s, t)L(t)Wp{s, ty\ (s, t) e R^. (5.37) 



This extends to appropriate functions of L{t) and so, in particular, to its resolvent 
(L{t) — zl) , z € C\ (j(L{t)) , and hence also yields 

a{L{s)) ^a{L{t)), (s,<)eK2. (5.38) 

Consequently, the spectrum of L{t) is independent o/i G M. 

Proof. (|5.32p - (|5.36p are standard results which follow, for instance, from Theorem 
X.69 of |40j under even weaker hypotheses on a, f3. In particular, the propagator 
Wp admits the norm convergent Dyson series 



Wp{s,t) ^ I + ^ I dti I dt2--- r ' dtk Pp{ti)Pp{t2) ■ ■ ■ Pp{tk), (5.39) 

(s,i) gR^ 
Fixing s G R and introducing the operator-valued function 

K{t) = Wpis, t)L{t)Wp{s, t)-\ t G R, (5.40) 

one computes 

K'{t)f = Wp_is,t){L'{t)-[Pp_it),L{t)])Wp{s,tr'f = 0, tGR, fe£\Z), 

(5.41) 
using the Lax commutator equation (j3.38|) . Thus, K is independent of t G R and 
hence taking t = s in ()5.40p then yields K = L{s) and thus proves ()5.37|) . D 

Next we briefly recall the Ablowitz-Ladik initial value problem in a setting con- 
venient for our purpose. 

Theorem 5.5. Let t^^p G R and suppose a'^°\ l3'^°'> G £''{Z) for some q G [l,oo) U 
{cx)}. Then the pth Ablowitz-Ladik initial value problem 

ALp(a,/3) = 0, (a,/3)|^^^^^^^ = {a^°\P^°^) (5.42) 

for some p G Ng, has a unique, local, and smooth solution in time, that is, there 
exists a Tq > such that 

«(•),/?(■)£ C°^^i(to,p - To,to,p + To),P{Z)). (5.43) 

Proof. This follows from standard results in [51 Sect. 4.1]. More precisely, local 
existence and uniqueness as well as smoothness of the solution of the initial value 
problem (|5.42p (cf. (|2.5ip ) follows from [8, Theorem 4.1.5] since /p±-i,±, 5p±,±, 
and hp^-i^± depend polynomially on a, (3 and certain of their shifts, and the fact 
that the Ablowitz-Ladik flows are autonomous. D 
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For an analogous result in connection with the Toda hierarchy we refer to |24j 
and [461 Sect. 12.2]. 

Remark 5.6. In the special defocusing case, where P = a and hence L{t), t G R, 
is unitary, one obtains 

sup \a{n,tp)\<l (5.44) 

(rutp)eNx (to,p-To,to,p+To) 

using 7 = l-|ap and 7*^ = 'il{{9p+,+ -9p+,+)-{9p---'9p_-)) in (|2.53p. A further 
application of [8, Proposition 4.1.22] then yields a unique, global, and smooth 
solution of the pth AL initial value problem (|5.42p . Moreover, the same argument 
shows that if a satisfies Hvpothcsis 15.11 and the pth AL equation ALp{a,a) — 0, 
then a is actually smooth with respect to tp £ M, that is, 

a(7i, •) eC°°(R), neZ. (5.45) 

Equation ()5.18|) . that is, *±,tp = V^^^±, imphes that 

/,+ 



^ln(^)-(5+-/)a,^ln(^i,±) 



■01, ± 

= i(5+-/)(Gp-Fp</.±). (5.46) 

On the other hand, equation (|5.17p . that is, C/*^ = ^±, yields 

dt^ln f^^ = 9t,ln(z + a+0±), (5.47) 

and thus one concludes that 

dt^ln{z + a+(j)±) = z(5+ - /)(Gp - Fp_^±). (5.48) 

Below we will refer to (|5.48b li') according to the upper or lower sign in (|5.48p . 
Expanding ()5.48b b) in powers of z and 1/z then yields the following conserved 
densities: 

Theorem 5.7. Assume Hvvothesis \b.l\ and suppose a, (3 satisfy ALp(a,/3) = for 
some p £ Nq. Then the following infinite sequences of local conservation laws hold: 
Expansion of (|5.481 f ) at 1/z = 0: 

\pT+ = ^('^"^ " I)[9p--j,- - Yl U--3+i,-'I^T+ - X! fp+-i-L+(t>f+t,+ ] , 

j = l,...,p_, (5.49) 

/ P- P+-1 X 

^ e=i e=o ' 

j>P- + 1, (5.50) 

where p°°^_ and 0°^+ are given by (|4.48p and (|4.38p . 
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Expansion of (|5.48l -) at 1/z — 0: 

^ f=-l £=0 ^ 

j = l,...,p_, (5.51) 
/ p- P+-1 

^ £=1 £=0 

J > p_ + 1, (5.52) 

where p°°_ and 4>f__ are given by (|4.50p and (|4.39p . 
Expansion of (|5.48M -) af z = 0: 

\p" + == i(5'+ - /) [ .gp+_j- + - E (f>"+i,+fp--e,- - E <?^" +/p+-i-i+^,+ j > 

j = l,...,p+-l, (5.53) 

/ P- P+-1 ^ 

Vp+^+ = *(^^-^)^0'+-E'^"+^.+/p-^-- E '^Vp++i,+/^.+ ' (5-54) 
/ p- P+-1 

9tX+ = -*(^^ - ^) E'^.V+/p-^.- + E -/-Vp^+i^+^h 

j>P+ + l, (5.55) 

where p*^ ^ anrf (/>" ^ are given by (|4.52p and (|4.40p . 
Expansion of (|5.48l -') at z = 0: 

/J P- N 

\P°- =^(5"^ -/)Up^_j,+ -E'^°--^P+-J+''-i'+ ~E'?^J+^.-^P--^^- )' 

j = l,...,p+, (5.56) 

at,p°_ = -*(^+ - /) [ E '/'° -/p+-j+^-i,+ + E '/'°+£,-/p-^,-' 

j>P+ + l, (5.57) 
where p'^ _ and 0^ _ are given by (|4.54p and (I4.4ip . 

Proof. The proof consists of expanding (|5.48b li') in powers of z and 1/z and applying 
(lOTll ^ g^ll . 

Expansion of (15. 481 4- ) at 1/z = 0: For the right-hand side of (|5.48l 4-) one finds 
p- p+ 

Gp - Fp(j)+ = E 5p- -^ -^"^ + E 9p+-e,+z'^ 



P- P+-1 ^^ oo 

E/p-^^-"'+E/p.-i-^^+-OE^° 



■°°+z-^ 



£=1 £=0 

P- P+-1 \ oo 

z 

P+-1 / P+-J-1 

30.+^^++ E (5P+-J.+ " E /p+-j-i-«,+C+ )^' 
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oo , V~ P+-1 X 

- E E/p-^-'^r-^.+ + E/p+-i-^.+'^r+^.+ p"'- (5.58) 

j=p_ + l ^ £=1 £=0 ^ 

Here we used that that all positive powers vanish because of (|5.48p . This yields the 
following additional formulas: 

Conservation laws derived from 0-|_ at 1/z = 0: 

/ P+-J-1 X 

(5+ - 1) 5p+-,,+ - E /p+-J-i-^.+'^?+ =0, J = 0, . . . ,p+ - 1, 

^ 1=0 ' 

iS+ - l).go,+ = 0. (5.59) 

Expansion of (|5.48h ') at 1/z = 0: The right-hand side of (|5.48l -) yields 

p- p+ 

£=1 e=o 

P- P+-1 ^ oo 

E/p-^.-^"'+ E /p+-i-^,+^' E C-^"' 

■ £=1 £=0 ^ J = -l 

p+ / p+-i-i ^ 

E(5p+-j,+ - E /p+-j-i-f,+C-)^^ 

i=i ^ i=-i ' 

P+-1 
5p+,+ - 2^ fp+-i~e,+(f>i^- - /p_-i,-</'^i, 

p- / i-i P+-1 X 

+ E (5p--J.- - E /p-+^-j.-'/'r- - E /p+-i-^,+'^j+£,-)^"' 
j=i ^ £=-1 e=o ' 

oo y P- P+-1 N 

i=p_+i ^ £=1 £=0 ^ 

Conservation laws derived from (/i_|_ at l/z = 0: 

/ P+-J-1 N 

(^+-/) .gp+_,-+- ^ /p+-,-i-£,+C- ) = 0' J = 1,...,P+, (5.61) 

i{s+ - 1) L^,+ - J2 /p+-i^^,+c- - /p-i.-<^"^i.- 

,++ 

a 
Expansion of (|5.48H -) at z = 0: For the right-hand side of (|5.481 f ) one finds 

P- / P--j X 

Gp- Fp(l3+ = ^ igp-'j- - E (l^e,+fp-'3-i~]^^^ (5.63) 

j = l ^ £=0 ^ 



5*.ln(^)+9t,ln(7+). (5.62) 
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P+-1 / P- 3 

j=0 ^ 1=1 1=0 

p- P+-1 






i.+ ]z^- 



j=p+ ^ i=i e=o 

Conservation laws derived from (h: at z = 0: 



iS+-I)U-J2(^l+fj-i,-)=0^ j = l,...,p_, (5.64) 

^ e=o ' 

(5+-^)(.9p+,+ -<+/p+-i,+ -E4+/p-^,-) =\ln(^)- (5-65) 
Expansion of (|5.48l -) at z = 0: For the right-hand side of (|5.48l -) one finds 

P--1 / P--3 X 

Gp - Fp(/._ = go.-z-'P- + Y. 5p-,.- ~ E <i>l-fp--3~tA^~' (5-66) 

p- 
+ 5p+,+ - 2^ '/>?,_/p_-<? - 

P+ / 3 P~ \ 

j=i ^ ^=1 £=1 ^ 

oo ^ j P- s 

3=p+ + l ^C=i+l-p+ 1=1 

Conservation laws derived from <j)- at z = 0: 

(5+ - /)ffo,- = 0, (5.67) 

(5+-/)L-._-^0°^_/,_,,_] =0, j-l,...,p_-l, (5.68) 

^ t=i ' 

(5+ -/)L^,+ -£<^°_/p-A-) =<9,^ln(7+). (5.69) 

^ i=\ ^ 

Combining these expansions with (|4.47p - (|4.53p finishes the proof. D 

Remark 5.8. (i) There is a certain redundancy in the conservation laws (|5.49p - 
(|5.57p as can be observed from Lemma WM Equations (|4.56p - (|4.57|) imply 

P°r+ = ~Pt- + ^(^+ - ^)(^.-,+ - e,,+), 3 e N, (5.70) 

pl+ = -pl- + ks+-I){d,,^-e,,^), J en. (5.71) 

Thus one can, for instance, transfer (|5.49p - (|5.50p into (|5.5ip - (|5.52p . 

(a) In addition to the conservation laws listed in Theorem 15.71 we recover the 

familiar conservation law (cf. (|2.53p ) 

dt^ln{^) = t{I-S-){gp^,+ -gp_,-), p e Ng. (5.72) 
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(iii) Another consequence of Theorem 15 . 71 and Lemma 1441 is that for a, (i satisfying 
Hypothesis O and a,/3 e C^ {M., P [Z)) , one has 

^^ln(7(n,t^)) = 0, ^J2g^^^{n,t,)^0, j £ N, p G N^. (5.73) 

E. neZ E. n£Z 

Remark 5.9. The infinite sequence of conservation laws has been studied in the 
hterature; we refer to [4j, [71 Ch. 3], [Mj, [50], and [52]. In particular, Zhang and 
Chen [50] study local conservation laws for the full 4x4 Ablowitz-Ladik system in 
a similar way to the one employed here. However, they only expand their equation 
around a point that corresponds to 1/z = 0. The systematic derivation of infinite 
sequences of conserved densities and currents (cf. the corresponding discussion in 
the introduction) as presented in Theorem 15 . 71 appears to be new. 

The two local conservation laws coming from expansions around z — are essen- 
tially the same since the two conserved densities, p° _,_ and p^ _^_, differ by a first-order 
difference expression (cf. Remark l5.8|) . A similar argument applies to the expansions 
around 1/z = 0. That there are two independent sequences of conservation laws 
is also clear from (j5.73p which yields that X]riez9i>±('^'*p) ^^^ time- independent. 
One observes that the quantities 5j,+, j G N, are related to the expansions around 
1/z = 0, that is, to pT^, while g^ _, j e N, are related to p°^ (cf. Lemma H^ . In 
addition to the two infinite sequences of polynomial conservation laws, there is a 
logarithmic conservation law (cf. (|5.72p and (|5.73p ). 

The first conservation laws explicitly read as follows: 
P+=P- = 1: 

9t„,,)P°r± = -»(^+ - /)(/o.-C-i,± + /o,+C±)' J ^ 1' (5-74) 

dt,,.r,pl± = -'iS+ - /)(/o.-0°+i,± + /o,+0,",±), J > 1. (5.75) 

For J = 1 this yields using (|4.55p 
9t,i_i)P5^4. = 9t^,,^a+P = z(5+ -/)(-co,-a/3 + co^+a+/?"7), 

= ^{S+- I) (co,+^^7+7++ - CO,- j-^1^ co,+ [—^) 7+) , 

(Q/ Q; Q; / (y, \ \ 

Co,- 7"7-co.+ 2~'^~'^o,~( — 7 , 

5t,ia,P?,- = 5t(i,i,«+/3++ - *(^+ - I){co,+a+l3+ - co,-a/?++7+). 

This shows in particular that we obtain two sets of conservation laws (one from ex- 
panding near cxd and the other from expanding near 0) , where the first few equations 
of each set explicitly read (p+ = p- = 1): 

j = l: 5f(ii)a+/3 = ^(5*+ -/)(-co,-Q:/:J + co,+a+/3"7), 

_ (5.77) 

J = 2: 5,<,,,(-i(a+/3)2+7a+/3-) 

= i{S^ - I)-f{ - co-aP^ - co,+aa+(/3^)^ + co,+7~a+/3 ), 
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ft,,,,,(i(a/3+)2-7+a/3++) (5.78) 

Using Lemma 14.41 one observes that one can replace p^^ in Theorem 15.71 by 
9j,± by suitably adjusting the right-hand sides in (|5.49p - (|5.57p . 

6. Hamiltonian formalism, variational derivatives 

We start this section by a short review of variational derivatives for discrete 
systems. Consider the functional 

g-. l^Z)" -^C, 

for some k £ N and fc e No, where G: 1^ x C^'''' ^ C is C^ with respect to the 2rK 
complex- valued entries and where 

^(^)=5(^)u, 5(^) = ^^^)''' ^^'-"' u€£^{Zr. (6.2) 

\(5-)-'*M ifs<0, ^ ' ^ ' 

For brevity we write 

G(w(n))=G(u(n),u(+i'(rj),M^"'Hrj),...,u('=)(n),u(-'=)(n)). (6.3) 

The functional Q is Frechet-differentiable and one computes for any v G £^{Z)'^ 
for the differential dQ 

{dg)u{v) ^ -^^Q{u + ev)\^^^ 

_ ^ ( dG{u{n)) ,,^ dG{u{n)) ,^,^ dG{u{n)) 

where we introduce the gradient and the variational derivative of Q by 

(Vg)„ = ^ (6.5) 

ou 

^*^ t c(-i) ^^ I c(+i) ^^ I I e(-fc) ^'^ I G(k) ^^ 



= !^+ 5(-i) -^1^ + 5(+i) -^^ + • • • + S^-f"^ -^ + 5W 



assuming 

{G(«(n))}„ez, |^Sr#| e^^(Z), J = l,...,k. (6.6) 

iGZ 



I az.(±^) /„, 
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To establish the connection with the Ablowitz Ladik hierarchy we make the 
following assumption for the remainder of this section. 

Hypothesis 6.1. Suppose 

a,(3ef{Z), a(n)/3(n) ^ {0, 1}, n e Z. (6.7) 

Next, let be a fimctional of the type 

g{a, /3) ^ y G{a{n), (3{n), . . . , a{n + k), /3{n + k), a{n — k), /3{n — k)) 

nez 

= 5]G(a(n),/3(n)), (6.8) 

TiGZ 

where G{a, (3) is polynomial in a, (3 and some of their shifts. The gradient \IQ and 
symplectic gradient Vs^ of Q are then defined by 

and 

{VsGU, - v{vg)^j, = V (^l^gj^) , (6.10) 

respectively. Here 2? is defined by 

P = 7f°^ JV 7-l-a/3- (6.11) 

In addition, we introduce the bilinear form 

n{u, v) = ^(2?"iu)(n) • v{n). (6.12) 

nez 
One then concludes that 

n{'Du, v) = 2_^ u{n) ■ v{n) ~ 2_, \Ui{n)vi{n) + U2{Ti)v2{n)j 

neZ nGZ (6.13) 

where ( • , • )e2^xy denotes the "real" inner product in £^(Z)^, that is, 
{■,-)e2(2)2:f{Zfx£^{Zf^C, 

v)i^z)^ = ^u{n) -vin) = ^ {ui{n)vi{n) + U2{n)v2{n)) . 



nGZ nG 

In addition, one obtains 



(6.14) 



{dQ)c.Av) = ((va)a,/3, i')£2(z)2 = n{v{vg)o..p,v) = n{{VsQ)c..,p, v). (6.15) 

Given two functionals Qi , Q2 we define their Poisson bracket by 

{GuQ2]=dgi{VsQ2) = ^{VsQl,VsQ2) 

= n{v\/gi,v\/g2) = {vgi,v\/g2)i2^z)^ 



CONSERVATION LAWS AND HAMILTONIANS FOR THE AL HIERARCHY 41 

Since ri( • , • ) is a weakly non-degenerate closed 2-forni, both the Jacobi identity 

{{01,02}, Gs} + {{02,03}, 0l} + {{03, 0l}, 02} = 0, (6.17) 

as well as the Leibniz rule 

{01, ^2^3} - {0X,02}03 + ^2(01, ^3}, (6.18) 

hold as discussed in ^32, Theorem 48.8]. 

If C/ is a smooth functional and (a, /9) develops according to a Hamiltonian flow 
with Hamiltonian 7Y, that is, 



then 



^^ '^^G(a(n),/3(n)) 



dt dt 

nez 

^ k If (")J ■ ^^(")A ^ k m-y ■ [m-y 

= {0,n}. (6.20) 

Here, and in the remainder of this section, time-dependent equations such as (|6.20p 
are viewed locally in time, that is, assumed to hold on some open i-interval I C M. 
If a functional O is in involution with the Hamiltonian ?i, that is, 

{0,H}^O, (6.21) 

then it is conserved in the sense that 

Next, we turn to the specifics of the AL hierarchy. We define 

nez 
Lemma 6.2. Assume Hvvothesis lG.l] and v £ l^CZ). Then, 

id0i,±)p{v) = Y. ^^yi"^ ^(^) = ±eJ2iSn,L^'-'Mp{v)Sn), i e N, (6.24) 



(5/3 
Sa 



{d0L±)o.{v) ^ Y. ^^'f^^'^ vin) = ±eJ2iSn,L^'-'M^{v)Sn), eeN, (6.25) 



wh 



ere 



(TJQ^ VOL \ 

[v^p - /3"— )(5cvcn + a+— <5oddj 



5- 



+ ((„p+-/3!^)^,,,„ + a++!-^<5,dd)5+ (6.26) 



M^{v) = -«+/3 - (iy+p - a+^)S,M + ^ ^<5cvcn) S' 
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- (K+P+ - a++^)'5odd - ;3^Jeven)5+ (6.27) 

Proof. We first consider the derivative with respect to (3. By a slight abuse of 
notation we write L — L{f3). Using (|6.23p and (|3.21[) one finds 

riGZ 

= ^(<5„,-^L(/3 + ei;)±%OI.=o. (6.28) 



dt 

riGZ 



Next, one considers 



^L{(3 + ev)X=^ = hm -{L{P + 6z;)^ - L(/3)^) 

= hmi((i(/3 + 6t;)-L(/3))L(/3)^-i 

+ L(/3)(L(/3 + e«)-i(/3))i(/3)^-2 
+ --- + L(/?)^-i(L(/3 + e«)-L(/3))) 

= MpLipf-^ + L(/3)M^L(/3)^-2 ^ . . . ^ L{l3f-^Mp, (6.29) 

where 

M« = Van -{up + ev) - L(/3)) 
c— ►0 e 

w(n)a(n + 1)(5„^„ + [{v{n - l)p{n) - P{n ~ 1) "^ "^^ )(5odd(») 



w(n)a(n) \ 

+ an + 1) ^ . , Ocvcn(») K>m,«-1 

2p[n) / 

+ ((«(n)p(n + 1) - (3inf±±£^^L±2l)S^,4n) (6.30) 

, ^, w(n+ l)a(n + 1) \ 

+ a(n + 2) — — dcvon(") (Jm.n+l 

2p(n+l) / 

- l^(" + ^^ 2p(n + 2) + ^(" + '^ 2p(n+l) J^-n(n)^.n,.+2 

/ , .v(n~l)a(n — l) , ,u(n)Q:(n)\^ , ,^ \ 

^ 2p(n-l) 2p{n) J /™,„ez 

Similarly one obtains 

^L{f3 + evy%=o (6.31) 

de 

= -(l(/3)-1M0L(/3)-^ + L{f3r^MpL{f3)-'+' + ■■■ + L{p)-'MpL{P)-^) . 
Inserting the expression (|6.29p into (|6.28p one finds 

{dg,^ + )pv = Y,{5n, ^i(/3 + tvf5r.)\e=o 
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nSZ fc=0 

£-1 

/c=OnGZ 
£-1 

fe=OneZ 

£-1 

/c=OrieZ 

£ ^(5„, L^-iM^<5„) + ^ tr {[LHip, L'-^-^]) 
eJ2iSn,L'-'MpSn). (6.32) 



nel 



Similarly, using (|6.28p and (|6.3ip . one concludes that 

{dge,-)pv = -eJ2i^n,L-'-^Mi36n). (6.33) 

For the derivative with respect to a we set L = L{a) and replace M^ by 

Ma = lim -(L(a + ev) ~ L(a)) 

= ( - vin+l)P{n)Sm,n + ( - P{n - 1) ""^f ^"^ <?odd(n) 
V ^ 2p(n) 

/ / -,^ / N / in'^('^)/3(")\ c / n\ c 

- [yin + l)p(n) - a(71 + 1) ^ . . )Ocvcn('^) (^m.n-l 

- (/3(n)^^^^^^^^^^^<5odd(n) + («(n + 2)p{n + 1) (6.34) 

+ an + 2) ^ / , -,, ^)(^ovc„ n) (5„,„+i 

2/9(n + 1) ' / 

/ «(n + 2Mn + 2) ^n+^^n^x 

~ l^(" + ^^ 2p(n + 2) + ^(" + ^^ 2p(n+l) J ^— (n)^™,„+. 

/ , , w(n - l)/3(n - 1) , ,xt'('T-)/3("-)\ r / nc A 

" (^^") 2p(n-l) + ^(" - l)^2^)^°-(")^"--j 






Lemma 6.3. Assume Hypothesis \6.1[ Then the following relations hold: 



5(3 7 

5k,- _ e 

5(3 7 



(/,_!,+ -ag,,+), £eN, (6.35) 



(/,"_i,_+ag,;_), ^eN. (6.36) 
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Proof. We consider ()6.35|) first. By (I3.21|) one concludes that 

fi-i,+ {n) - a{n)gi^+{n) 

Thus one has to show that 

J2iSn, L'-'Mf^S^) = Y. l^(/^-i^+(") - "(")k+(")), (6.38) 

since this imphes (|6.35p . using (|6.24p . By (|6.30p . (|3.17p . and (|3.18p . and assuming 
V € ^^(Z), one obtains 

nez 

nSZ 



— (/3 (JnjL'' ^(5„_i)(5odd +P ('^riji'^ ^<^n-2)'5odd) 

-I- -I- 



2p^ 

r-^(/3((5„,i^"M„+i)5odd +p(<5„-i,i''""^5„+i)'5odd)j 

= ^ f - Va'^{6n,L^^^Sn) + Vp'^ {Sn+1, L^^^Sn)Scvcn + Vp'^ {Sn, L^^^ Sn+l)Sodd 
riGZ 

- ^{{S„,EL'^-^Sn-l)Scven + (<5„, L^"^£'<5„_i)(5odd) 
^-^((<^n,-^^"^£'<^n+l)<5ovon + {Sn, EL^^^ Sn+l)Sodd)] 

riGZ 

~ -;^{iSn,EL^~^Sn^l)Scvcn + {Sn, L^~^ DSn-l)Sodd 

= II (^(/^-1,+ - «ff^, + ) + |^(('5n-l,SL^-^<5„)(5even (6.39) 

+ {Sn,L^^^DSn-i)Sodd - {5n, EL^~''-Sn-l)Scvcn ~ {Sri^l, L^~^ DSn)5odd)h 

where we used p. 211) and 

ge,+ = {dn,L'-'DEdn) 

= P{Sn,L'^^'^DSn)5odd + p{Sn,L'^-^DSn-l)5odd 
+ f3{Sn,EL ^^Sn)Scvcn + piSn-l,EL ^^Sn)6cvcn 

= (3fe^i,+ + piSn, L'-'D6n-i)Sodd + Pi5n-u EL'-'Sn)S,,,^. (6.40) 



CONSERVATION LAWS AND HAMILTONIANS FOR THE AL HIERARCHY 45 

Hence it remains to show that 

- {Sn, EL'-^6n-l)6even ~ {6n-l , L''^ DSn)Sodd = 0, 

but this foUows from {EL'^y = EL^ respectively (L^D)^ = L'^D by (|XTO|l . (|XTC)l . 
In the case (16.36^ one similarly shows that 



Y,{Sn,L-'-H-Ip6n) - - ^ ^^^^^((<5„,D-iL-^+i<5„)'^cvc„(n) (6.42) 

nez nez ^^ '^ 

+ (5„, L-^+i^-i,5„)5odd(n) + a(n + 1)((5„, L-'(5„)) • 

D 

Lemma 6.4. Assume Hvvothesis K. 11 Then the following relations hold: 

^--{h-_^ + + Pgl+), £gN, (6.43) 



nez 



5a 7 

%^ = -(/i^-i,--/3.g£.-), ^eN. (6.44) 

oa 7 

Proo/. We consider ([03)) first. Using (jOSl) . ((Oi)) . (pTZ)) . and ((3l8)) . and assum- 
ing i; e ^"'^ (Z) one obtains 

^(5„,L^~iM„<5„) 

X] ( " -y+/3((5„,L^~^(5„) - ^;p((5„,L^-i(5„_i)(5cvcn - -y++p+((5„,L^"^(5„+i)5evon 

(/3"((5„, L^"^(5„_i)(5odd + ^"(^n, i^"^^n-2)'5odd) 

( - a^{5n,L^^^5n-l)5cvcn + P^ ((^n+l , L^""^(5„-l )(5cvcn) 

^ ( -a++((5„,L^"^J„+l)(5ovon+P++((5«,i'^"^(5«+l)(5ovcn) 

— ^— j— (/?(<5„,-?^^"^(5n+i)(5odd + p((5„~i,L''~"^(5„+i)(5odd)J 



2p 
2p 

V+P+ 



^{{5n,EL'''Sn-l)Sc.cn + {5„, L'-' DS„-l)Sodd) 

-^ ({Sn, L^^^ DSn+l)Scvcn + (Sn, E L^^^ Sn+l)Sodd)] 



2p^ 

= -E 7^(^7-1,+ + /35,:+), (6.45) 

nez ^ 

since by (IX^ and ((O)) . 

2a/l7_j + + 2.g7+ = p{{Sn,L ^^D5n^i)Sodd + {5n,EL ^^Sn-l)5cvcn . , 

(6.46) 

+ {5n-l,L ^ Ddn)6odd + {5n-l,EL ^ Ddn)6even)- 

The result (|6.44|1 follows similarly. D 
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Next, we introduce the Hamiltonians 

7io = 5]ln(7(")), Hp±,±-— ^gp±,±(n), p± £ N, (6.47) 

rieZ -^^ nez 

Hp = ^Cp+_«,+H«,+ + ^Cp__£,_7i£._+CpHo, p^ip-,p+)eEl. (6.48) 

£=1 £=1 

(We recall that Cp — [cp- + Cp,+)/2.) 

Theorem 6.5. Assume Hvvothesis lQ. 11 Then the following relations hold: 

ALp(a, /3) = (l -^l-) + 2?V?^p = 0, p G N^. (6.49) 



Proof. This follows directly from Lemmas 16.31 and 16. 4[ 

(VHc,+)a = -( - f3gl+ - V-i,+)' (VHf,+)/3 == -( - aff£,+ + ./f-i.+), 
(V7i,,_)„ = -(-/35^._+/i,_i,_), (VH,,_)0 = -(-a5,;--/7-i,-)> (6-50) 

together with (HHl). D 

Theorem 6.6. Assume Hypothesis lb A\ and suppose that a, (3 satisfy ALp(a,/3) = 
for some p G N5. Then, 

^ = 0, r_^K (6.51) 



Proof. From Lemma 14.41 and Theorem 15.71 one obtains 

(5+-/)J.±,±, r±GNo, (6.52) 



dgr±,± 



dtp 



for some Jr±,±, t± G Nq, which are polynomials in a and /3 and certain shifts 
thereof. Using definition (|6.48p of Ti^ , the result (|6.5ip follows in the homogeneous 
case and then by linearity in the general case. D 



Theorem 6.7. Assume Hupothesis \6.l\ and let p,rE Nq. Then, 

{Hp,nr}^0, (6.53) 

that is. Tip and TLr are in involution for all p,r (£ N§ . 
Proof. By Theorem 15. 5[ there exists T > such that the initial value problem 

ALp(a,/3) = 0, (a,/3)|,^^„ = {a^^l (3^°^) , (6.54) 

where a*-*^-*, /?'-°'' satisfy Hypothesis 16. H has unique, local, and smooth solutions 
a(i),/3(t) satisfying Hypothesis 16.11 for each t G [0, T). For this solution we know 
that 

J-Wp(<) = {nAt),npit)} = 0. (6.55) 



Next, let t i 0. Then 

t)} 
uo 



= {Hr_it),Hp_it)} ^^ {K(0),Hp(0)} = {W.,Hp}|(„^^)^(^,„,_^,„,). (6.56) 
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Since a^"^ , /?(°^ are arbitrary coefficients satisfying Hypothesis 16.11 one concludes 
(16331) . D 
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